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CORG-SP-190 


CORG  STAFF  PAPER 

CORG-SP-190.  Historical  Data  and 
Lanchester1  s  Theory  of  Combat.  Part  II 

CORG-SP-190,  August  1964  is  changed  as  follows: 

Make  the  following  pen  and  ink  changes: 

1.  Page  5,  Battle  83,  column  headed  1  Initial  attacker  strength, 

Xq,  !'  "  10,000"  should  read  "  10,269.  " 

2.  Page  6,  second  line  from  bottom,  "A/S"  should  read  "  A/D.  " 

3.  Page  10,  line  7,  "  <c  =  C  -  C  ),"  should  read  "  (C  =  C  +  C  )." 

xy  X  / 

4.  Page  10,  between  second  and  third  paragraphs  insert  the  following 
paragraph: 

"  In  terms  of  F,  the  total  casualty  fraction  (F  =  C/  X),  the 
smallest  of  the  81  modified  battles  is  Lexington  with  F  = 

0.C02,  and  the  largest  is  Calafat  with  F  *  0,458.  The 
average  total  casualty  fraction  (average  of  Fr  s  over  81 
modified  battles)  is  about  0. 159." 

5.  Page  11,  line  12,  "correspondence"  should  read  "  correspondences 

6.  Page  11,  line  16,  "a  total  casualty"  should  read  "total  casualty." 

7.  Page  11,  line  21,  "...  22,  43,  47,  74,  77,  ..."  should  read 
■"  .  .  .  22,  43,  45,  47,  74,  77,  .  .  ." 

8.  Page  11,  line  21,  "  (75  battles  .  .  should  read  "  (15  battles  ,  .  . 

:t.  Page  13,  Baltic  26,  column  headed  "e  "  ,  "  0.137"  should  read 
"  0. 139." 

10.  Page  14,  Battle  56,  column  he  ided  "  e  "  ,  "  1.000"  should  read 
' '  0 . 06  5 .  " 

11.  Page  11,  Battle  56,  column  headed  " 

'  0,032." 
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12.  Page  14,  Battle  75,  column  headed,  "/a",  "  1.1092"  should  read 
"  1.  '92.  " 

13.  Page  17,  line  4,  "X  =*  e  |  t"  should  read  "  X  *  «/t.  " 

14.  Page  25,  second  line  from  bottom,  "  In  m"  ,  should  read  "  In  e ," 

’5.  Page  26,  line  1,  "In  n"  ,  should  read  " In  e . " 

16.  Page  29,  line  6,  "  In  e  (modified  data)  are  ..."  should  read 

"  ...  In  e  is  normally  distributed.  Estimated  mean  and  standard  deviation  of 
In  e  (modified  data)  are  -  2.U34  and  0.757,  respectively." 

17.  Page  31,  line  3,  "  Attacking  Side  Victorious  (49  Battles),  "  should 
read  "  Attacking  Side  Victorious  (47  Battles).  " 

18.  Page  31,  line  7,  both  columns  headed  "  Surviving  Fraction  of 
Defender,  d"  "  90"  should  read  "  %"  . 

19.  Page  33,  column  headed  "  Level  3"  ,  "  (1.500£xQ/y0<  00)" 
should  read  "  (1.500  ^  Xq/ y^  <  «)." 

20.  Page  34,  line  5,  '!  ratios  of  2,000  or  greater"  should  read  "ratios 
of  2.000  or  greater,  " 

21.  Page  34,  line  8,  "  ratios  of  3,000  or  greater"  should  read  "  ratios 
of  3.000  or  greater.  " 

22.  Page  34,  lire  10,  "  ratio  of  5,000  or  greater.  "  should  read  "  ratio 
of  C.OOO  or  greater.  " 

23.  Page  34,  line  12,  "  ratio  of  10,000  or  greater."  should  read  "  ratio 
of  10.000  or  greater.  " 

24.  Page  37,  line  3,  "  diagram  at  n"  should  read  "diagram  of  n.  " 

25.  Page  37,  line  6  from  bottom,  "  Residual  Advantage  =  In  -  b  -  c 
In  (xQ  /  y0)"  should  read  "  Residual  Advantage  =  In  n  -  b  -  c  In  (xQ  /  yQ).  " 

26.  Page  39,  line  2,  "  .  .  .  FORCE  RATIO,  x  /  y  "  should  read 
"  ...  FORCE  RATIO,  In  x0/y0." 

27.  Page  43,  Footnote  17,  "...  calculated  the  difference  .  .  ." 
should  read  "...  calculated  from  the  difference  ..." 

28.  Page  47,  line  7,  "  .  .  .  an  advantage  ..."  should  read  "... 
on  advantage  ..." 
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2:>.  Pase  Go,  line  6,  "  cin  c  |  ln  ^  ■*  0.889"  should  read  "  sjn  c  i  In  t 

0.989.  " 

30.  Page  71,  Figure  caption,  "  .  .  .  c,  against  total  force,  x,  for 
phase  -  2  data."  should  read  "  .  .  .  C,  against  total  force,  X,  for  phase  -  2 
data.  " 

31.  Page  71,  curve  label,  "c  =  0.i5x"  should  read  "  d  =  0.15X." 

32.  Page  75,  Footnote  26,  "  .  .  .  on  the  defindlr.r  tide  ..."  should 
read  "  on  the  defending  side  ..." 

33.  Page  83,  Footnote,  "  by  equating  deserveu  fraction  .  .  ."  should 
read  "  by  equating  observed  fraction  ..." 

34.  Page  86,  line  6,  "  ...  does  the  phase  -  1."  should  read  "... 
does  the  phase  -  1  data." 

35.  Page  86,  line  13,  "...  16,  18,  22,  43,  ..."  should  read 
"  .  .  .  16,  18,  21,  22,  43,  .  .  ." 

36.  Page  88,  line  7  from  the  bottom,  "  ...  a  large  F-ratio  value 
.  ,  should  road  "...  a  larger  F-ratio  value. 

37.  Page  89,  line  8  from  the  bottom,  "...  for  case  of"  should  read 
"...  for  the  case  of  .  .  .  " 

38.  Page  92,  line  8,  "  rigorous  exact  ..."  should  read  "  rigorous, 
exact  ..." 

89.  Page  92,  line  5  from  the  bottom,  "...  intervals  and  region  .  .  .' 
should  read  "...  intervals  and  regions  ..." 

40.  Page  S2,  lines  1,  2,  &  3  from  bottom,  "...  on  the  maximum 
likelihood  ...”  should  read  "...  on  the  maximum  likelihood  estimates  of  the 
regression  parameters.  Note  that  these  maximum  likelihood  estimates  plot"  and 
continue  with  "as  points  on  .  . 

41.  Page  93,  line  8,  "  ...  does  not  include  ..."  should  read  "  .  . 
docs  include  ..." 


42.  Page  96,  line  11,  "phase  -  2  Harbottle,  and  Non-Harbottle  .  .  .  : 
should  read  "  phase  -  2,  Harbottle,  and  Non-Harbottle  .  .  ." 

•13.  Page  mi,  line  1  from  bottom.  "...  with  phase  -  2  data."  should 
read  "...  with  phase  -  1  data," 

11.  Page  tM,  line  6  from  bottom,  "  poorer  agreement  with  a  small 
pnTiortmn  ..."  should  read  "...  poorer  agreement  with  phase  -  l  data  than 
'a  it h  a  small  proportion  ..." 
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45.  Page  107,  line  10,  "  .  .  .  C  =  15X  ..."  should  read  "  .  .  .  C  - 


•  '.13X  ..." 

46.  Page  110,  Footnote  40,  "  See  footnote  37."  should  read  "  See 
1  -otnote  39." 

47.  Page  111,  Footnote  42,  !  Qee  footnote  39."  should  read  "  See 
footnote  41." 

48.  Page  111,  line  3,  "  In  ^  =  0.1  In  xft/  y0"  should  read  "  In  n  = 

0.1  -  0.3  ln(x0/y0)."  0  0 

49.  Page  113,  line  12  from  bottom,  "  toward  bitterness  values"  should 
read  "  toward  lower  bitterness  values." 


50.  Page  113,  Footnote  44,  "  See  footnote  41. "  should  read  "  See 
footnote  43." 

51.  Page  113,  line  2  from  bottom,  "Data  In  accuraoles  large  .  .  ." 
should  read  "  Data  inaccuracios  are  large  ..." 

52.  Page  114,  Footnote  45,  "  See  footnote  39. "  should  read  "  See 
footnote  41." 

53.  Page  124,  line  14  from  bottom,  "  Residual  Advantage  »  0.845." 
should  read  "  Residual  Advantage  ■  -0.846." 

54.  Page  132,  Reference  8,  "  Furman"  should  road  "  Forman," 

55.  Page  13,  Battle  43,  "  Kerygaom"  should  read  "  Korygaom." 
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abstract 

The  purpose  of  this  paper  is  to  test  the  validity 
of  the  conclusions  reached  in  a  previous  work 
(CORG-SP-128,  Historical  Data  and  Lanches- 
ter's  Theory  of  Combat).  Data  on  83  historical 
battles  are  studied  for  information  bearing  on 
this  problem.  The  information  obtained  from 
those  battles  is  compared  with  those  previously 
obtained,  and  the  results  of  the  comparison  are 
carefully  analyzed.  With  a  few  exceptions,  the 
validity  of  the  earlier  findings  is  confirmed. 


FOREWORD 


wuotc  from  "  The  Annual  Report  of  the  Chief  of  Staff,  U.S.  Aimy,  1933"  ,  \ 

as  presented  in  Maneuver  in  War .  by  Charles  A.  Willoughby,  Military 
Service  Publishing  Co.,  Harrisburg,  Pa. 

"  More  than  most  professions,  the  military  is  forced  to  depend  upon 
intelligent  interpretation  of  the  past  for  signposts  charting  the  future.  De¬ 
void  of  opportunity,  in  peace,  for  self-instruction  through  actual  practice 
of  bis  profession,  the  soldier  makes  maximum  use  of  historical  record  in 
assuring  the  readiness  of  himself  and  his  command  to  function  efficiently 
in  emergency. 

"  The  facts  derived  from  historical  analysis,  he  applies  to  conditions 
of  the  present  and  the  proximate  future,  thus  developing  a  synthesis  of 
approximate  method,  organization, and  doctrine. 

"  But  the  military  student  does  not  seek  to  learn  from  history  the 
minutiae  of  method  and  techniques.  In  every  age,  these  are  decisively 
influenced  by  the  characteristics  of  weapons  currently  available  and  by  the 
means  at  hand,  for  maneuvering,  supplying, and  controlling  coinhat  forces. 

But  research  does  bring  to  light  those  fundamental  principles  and  their 
combination  ana  application  which,  in  the  past,  have  been  productive  of 
success. 

"  These  principles  know  no  limitation  of  time.  Consequently,  the  Army 
extends  its  analytical  interest  to  the  dust-buried  accounts  of  wars  long  past 
as  well  as  to  those  still  reeking  with  the  scent  of  battle.  It  is  the  object  of 
the  search  that  dictates  the  field  for  its  pursuit.  Those  callow  critics  who 
hold  that  only  in  the  most  recent  battles  are  there  to  be  found  truths  ap¬ 
plicable  to  our  present  problems  have  failed  utterly  to  see  this. 

"  They  apparently  cling  to  the  fatuous  hope  that  in  historical  study  is  to 
be  found  a  complete  digest  of  the  science  of  war  rather  than  simply  the  basic 
and  i iv.  i'dable  laws  of  the  art  of  war . "  . 
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HISTORICAL  DATA  AND  LANCHESTER'S 
THEORY  OF  COMDAT 

TART  H 


INTRODUCTION 

Purpose 

The  purpose  of  this  study  was  to  test  the  findings  obtained  in  Reference 
1  against  additional  historical  data. 

Background 

Reference  1  presented  an  analysis  of  92  historical  battles  based  on 
certain  parameters  suggested  by  Lanchester's  square-law  model  of  combat. 
The  reader  is  referred  to  Reference  1  for  a  discussion  of  background  and 
scope,  theoretical  and  methodological  principles,  data  sources  and  errors, 
presentations  and  analysis  of  preliminary  results,  and  suggestions  for 
possible  applications.1  It  is  desirable  to  check  the  preliminary  findings  of 
Reference  1  against  additional  historical  battle  data. 

Scope 

Data  from  83  historical  battles  is  presented  in  this  paper,  analyzed  as 
in  Reference  1,  and  compared  with  the  results  obtained  in  Reference  1. 


LIMITATIONS  OF  THE  METHOD 

As  in  Reference  1,  the  quality  of  the  data  sets  limits  on  the  results  that 
can  be  obtained.  Most  of  the  comments  of  Reference  1  relevant  to  this  topic 


‘in  prepai  ing  this  paper,  the  author  has  assumed  that  the  reader  will  be 
familiar  with  Ih  fri  cncc  1  and  will  be  able  to  review  it  while  studying  the 
following  material . 
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a:  r  appropriate  here.  Additional  remarks  pertinent  to  the  historical  data 
used  m  this  study  are  pi  von  below. 

Identification  of  Attacker  and  Defender 

The  idem  ideations  given  in  Table  I  are  based  either  on  the  identifications 
given  in  the  sources  consulted  or  on  the  author's  impression,  based  on  the 
narrative  accounts,  of  which  side  behaved  most  aggressively.  When  allied 
nations  participated  on  either  side,  an  attempt  is  made  to  assign  identi¬ 
fications  which  correspond  either  to  the  nationality  of  the  largest  body  of 
troops  or  to  the  nationality  of  the  commander  of  the  allied  forces.  For 
some  of  the  battles,  especially  those  nrior  to  the  year  1800*  ,  the  names 
of  participating  nations  are  altered  to  reflect  the  modern  nationality  of  the 
region.  For  example,  Reference  2  gives  the  combatants  at  the  battle  of 
Heraclea  as  Epirots  and  Romans.  Table  I  gives  the  combatants  as  Greeks 
and  Romans. 


Duration  of  Engagement 

In  Reference  1 ,  the  duration  of  some  of  the  older  battles  was  adjusted 
on  the  assumption  that  there  was  no  night  fighting.  No  such  adjustment 
was  attempted  for  the  data  used  in  this  study.  Thus,  the  duration  data 
given  in  Table  I  represents  an  estimate  of  the  total  elapsed  time  from 
initiation  to  termination  of  the  battle.  * 

2  A 1 1  dates  are  to  be  read  as  A.D,  unless  specifically  identified  as  B.C. 

3  See  Reference  1  for  additional  discussion  of  data  limitations,  es¬ 
pecially  with  regard  to  initial  strength  and  casualty  estimates. 
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Data 

i 

Data  an  the  historical  battles  treated  in  this  portion  of  the  study  were 
assembled  irom  References  2,  3,  4,  5,  and  0.  The  principal  quantitative 
components  of  'hese  data  (together  with  the  identifications  of  attacker,  de- 
lender,  and  victor)  are  presented  in  Table  I. 

Population  and  Sample 

Certain  features  of  the  sample  battles  listed  in  Table  I  which  might  be 
ol  assistance  in  Judging  the  nature  of  the  population  are  given  below. 

1.  Sample  Size 

Table  I  contains  data  on  a  total  of  83  distinct  historical  battles. 
These  battles  are  also  distinct  from  those  forming  the  principal  data  of 
Reference  1.  For  each  of  these  battles  the  name  or  designation  of  the 
battle;  the  year  in  which  St  occurred,  the  war,  campaign,  or  article  to 
which  the  data  refer;  the  source  of  the  data  used,  the  identification  of  at¬ 
tacker  and  defender;  the  estimated  initial  strength  on  eneh  side;  the  esti¬ 
mated  casualties  suffered  by  each  side  (together  with  n  notation  approxi¬ 
mately  identifying  the  casunlty  criterion  involved)  and  an  identification  of 
the  victor  are  listed.  For  36  of  these  battles  an  estimate  of  the  time 
duration  is  also  supplied. 

Note:  Of  the  83  battles  listed  in  Table  I,  only  HI  will  be  used 
in  the  remainder  of  this  chapter.  Ditties  numbered  21  and  22, 
(Sholingur  and  Porto  Novo)  are  deleted  be  nuse,  firstly,  the 
date  for  these  battles  devote  greatly  from  that  of  the  other 
battles  analyzed  here  and  in  Reference  1.  secondly,  because 
the  data  for  these  bottles  is  f  ich  that  the  regression  ol  acli- 

vit\  ruin,  A'S.  and  of  defender  ailxanbruc.  In  *i  .  on  loci  - 
nthmie  force  ratio.  In  xQ/j  ,  ts  strangle  a  1  fee  tec*  it  these 


I ut (U*s  are  included,  and  thirdly,  because  the  narrative  ac¬ 
counts  of  these  battles  surest  that  the  data  on  these  battles 
is  unit  ustworthy  (these  narratives  are  reproduced  In  App.  A). 

For  ease  in  referring  to  the  various  cases,  the  81  battles  will 
be  referred  to  as  the  modified  battle  data  and  the  S3  battles 
will  be  referred  to  as  the  phnse-2  data.4  The  92  battles  studied 
in  Reference  1  will  be  referred  to  as  the  phnse-1  data. 

Duta  for  the  Fxcluded  Betties  (Porto  Novo  and  Shollngur) 
is  included  in  the  tables  only  where  explicitly  identified.  Data 
points  for  these  excluded  battles  are  always  identified  bv  tri¬ 
angular  symbols  whenever  such  data  is  included  in  a  scatter 
diagram. 

Distribution  of  Modified  Data  in  Time 

Modified  battle  dates  vary  from  280  B.  C.  to  1344,  and  17  of  these 
battles  occurred  prior  to  1750.  Figure  1  shows  the  distribution  of  modified 
battles  In  lime  by  tlme-lntewnls  of  varying  length.  As  for  the  phase -l  data, 
the  high  degree  of  e  hi  storing  tends  to  reflect  the  occurrence  of  certain 
periods  of  general  military  activity. 

3.  Distribution  of  Modified  Data  in  Space 

Of  the  ”1  modified  battles,  43  were  fought  iu  the  Funstan  area, 

21  in  North  America,  9  in  fast  or  Central  Asia,  4  in  Alriea,  and  l  on 
Pacific  Ocean  islands. 


’See  Appendix  II  for  detailed  description  ol  the  various  battle  group¬ 
ings  used. 
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Figure  1.  Distribution  of  battles  in  time  for  modified  battle  data. 
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4.  Distribution  of  Modified  Data  Among  Countries 

The  nations  which  participated  in  the  modified  battles,  and  the 
approximate  frequency  of  participation  in  these  battles5  ,  were: 


France 

31  Battles 

United  States  of  America 

21  Battles 

Britain  (or  England) 

19  Battles 

Confederate  States  of  America 

17  Battles 

Russia 

12  Battles 

Prussia  (or  Germany) 

10  Battles 

India 

8  Battles 

Austria 

7  Battles 

Rome6 

6  Battles 

Japan 

6  Battles 

Sweden 

5  Battles 

Greece 

2  Battles 

Turkey 

2  Battles 

South  Africa 

2  Battles 

Mexico 

2  Battles 

Switzerland 

2  Battles 

Canada 

2  Battles 

Eastern  Roman  Empire 

1  Battle 

Mongolia 

1  Battle 

Spain 

1  Battle 

Persia 

1  Battle 

Poland 

1  Battle 

Yugoslavia 

1  Battle 

Italy 

1  Battle 

Texas 

1  Battle 

s  It  is  difficult  to  know  how  much  weight  to  give  to  participation  with 
. i i nr  .•  i  a  d  commatiil.  Addition.!  1  ddlicul:  n-s  arise  ti  otn  tno 
(•lunge  in  name  or  government  of  a  region. 

''Iih  l  ’dc.s  Western  Roman  Umpire  and  Holy  Homan  Empire. 
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3.  Magnitude  of  the  Modified  Battles 

In  terms  of  X,  the  total  number  of  troops  involved  (X  -  +  y^)  , 

the  smallest  of  the  81  modified  battles  is  Bronkhurst  Spruit  with  X  =  409, 
and  the  largest  is  Indus  with  X  =  330,000.  The  overall  total  forces  (sum  of 
X's  for  all  81  modified  battles)  amount  to  5,241,940,  and  the  average  total 
force  (average  of  X's  over  81  battles)  is  about  64,715. 

In  terms  of  C,  the  total  number  of  casualties  (c  -  Cx  +  Cy),  the 
smallest  of  the  81  mod  d  battles  is  Fish  Creek  with  C  =  7S,  and  the 
largest  is  Mursa  with  C  =  54,000.  The  overall  total  casualties  (the  sum  of 
C's  for  all  81  modified  battles)  amounts  to  749,930,  and  the  average  total 
casualties  (average  of  C's  over  81  modified  battles)  is  about  9,258. 

In  terms  of  t,  the  duration  of  battle,  the  shortest  of  the  35  modi¬ 
fied  battles  Tor  which  this  datum  is  recorded  is  Cold  Harbor  with  t  =  1  hour, 
and  the  longest  is  V'cksburg  with  t  =  1800  hours  (75  days).  The  overall 
total  battle  duration  (the  sum  of  t's  for  35  modified  battles  amounts  to 
5,102.5  hours,  and  the  average  modified  battle  duration  (average  of  t's 
over  35  modified  battles)  is  about  145.8  hours. 

In  terms  of  M,  the  number  of  battle  man-hours  (M  -  Xt),  the 
smallest  of  the  35  modified  battles  for  which  this  datum  is  available  is 
Monongaheia  with  M  =  6,900,  and  the  largest  is  Vicksburg  with 
M  --  219,600,000.  The  overall  total  modified  battle  man-hours  (the  sum 
of  M's  for  35  modified  battles)  amount  to  470,570,060,  and  the  average 
number  of  battle  man-hours  (average  of  M's  over  35  modified  battles)  is 
about  13,444,  486. 

6.  Numerical  Superiority 

Of  the  HI  modified  battles,  those  with  the  smallest  force  ratio 
<n„/v0)  are  Ste.  Foy  and  Wilson's  Creek,  both  having  *0/y()  -  0.375, 
and  the  one  with  the  largest  force  ratio  is  Korygaom  with  x()/y0  -  23.000. 
fN,  |.  »•!*:) tit'  fnrrr  ratio  (over  ^  1  modified  battles)  is  about  2. 5  ill. 
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7.  Victorious  Side 

In  47  of  the  81  modified  battles  the  attacker  is  given  credit  for  the 
victory.  In  the  remaining  34  battles  the  defender  is  counted  as  victorious. 

Findings 

Lanchester  parameters  for  each  of  the  phase-2  battles  were  estimated 
from  the  data  of  Table  I  using  procedures  described  in  Reference  1,  and  are 
tabulated  in  Tabic  n. 

Correspondence  Between  Parameters  and  Phenomena 

In  Reference  1,  it  was  argued  that  the  names  given  to  the  theoretical 
symbols  appearing  in  Lanchester's  theory  provide  a  valid  correspondence 
between  the  Lanchester  parameters  and  real-world  phenomena.  It  is  im¬ 
portant  to  determine  whether  these  correspondence  persist  in  the  modified 
data. 

1.  Bitterness 

Figure  2  shows  a  linear  scatter  diagram  of  bitterness,  e  ,  against 
a  total  casualty  fraU’on,  F,  for  the  phase-2  data,  together  with  a  graph  of 

p 

the  function  c  =  e  -  i  The  bulk  of  the  phase-2  data  appear  to  follow  the 

p 

curve  e  -  e  -  1  although  more  pliase-2  data  points  exhibit  sizable  devi¬ 
ations  from  the  curve  than  phase-1  data  points.  Phase-2  battles  which 
exhibit  a  marked  deviation  from  the  trend  of  Figure  2  are  7  :  Battles  num¬ 
bered  4,  5,  15,  16,  18,  21,  22,  43,  47,  74,  77,  80,  81,  and  82  (75  battles 
in  all).  When  these  15  exceptional  battles  are  deleted  from  the  83  phase-2 
battles,  the  remaining  68  battles  will  be  termed  the  Censored  battles  8  . 

As  in  Reterenee  1,  we  conclude  that  the  Lanchester  bitterness 
parameter,  e  ,  reflects  the  intuitive  concept  of  combat  bloodiness, 

7  Numbers  ••ivi-ii  r<’|rr  to  the  drsiunnt  i.  .ns  n|  Tabic  1. 

M See  Appendix  B  for  detailed  description  of  the  various  battle  groupings 
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NUMBER  OF  BATTLES  WON  BY  SIDE  AND  BY 
SIGN  OF  ADVANTAGE,  In  \x 


Hi 


<v 

u 

01 

§« 

CA 

I 


C 


W 

O 

£ 

2 

Q 

C 

&H 

O 

z 

o 


w 

0 

02 

X 

o 


f-t  w 

OT  << 

><  w 

«  >4 

cO  X 
OT 
r5  w 


sg 


Sh 

o 


cog 


U> 


2* 


X  o 

O  Cn 

H 

O 

5 


o 

H 

Z 

w 

u 

X 

w 

U< 


bitterness  u ml  the  like,  although  there  are  a  few  disturbing  exceptions  to 
i lie  general  trend.  Also,  as  in  Reference  1,  we  conclude  that  the  Lanchestcr 
intensity  parameter,  A  ,  reflects  the  intuitive  concept  of  combat  intensity, 
since  \  -  e.  |  t,  where  t  is  the  duration  of  battle. 

2.  Advantage 

Table  nia  shows  a  tabulation  of  the  number  o i  modified  battles  won 
by  side  and  by  the  sign  of  In  u  ,  (if  In  g  >  0,  the  defending  side  theoretically 
has  the  advantage;  if  In  g  <  0,  the  attacking  side  theoretically  has  the 
advantage).  Table  Illb  displays  the  same  information  expressed  as  a  per¬ 
centage  of  the  number  of  victories  by  the  respective  sides. 

We  say  that  the  advantage  parameter,  In  p  ,  follows  the  victor 
in  a  battle  if  the  sign  of  In  p  is  positive  when  the  defender  wins  or  negative 
when  the  attacker  wins.  Thus,  Table  IHa  shows  that  the  advantage  parameter 
follows  the  victor  in  63  (77.8%)  ot  the  3!  modified  battles  and  does  not  follow 
the  victor  in  18  (22.2%)  of  the  modified  battles. 

Treating  the  data  of  Table  Ilia  as  a  2  x  2  contingency  table,  the 
value  of  chi  square  (calculated  using  Yates'  s  correction)  turns  out  to  be 
23.3  at  one  degree  of  freedom.  This  large  a  value  of  chi  square  would 
occur,  if  chance  weie  the  only  factor  affecting  the  data,  considerably  less 
than  0.5  percent  of  the  time’'  ,  We  must  conclude  that,  beyond  any  reason¬ 
able  doubt,  some  factor  other  titan,  or  in  addition  to,  pure  chance  has  given 
rise  to  the  data  jf  Table  Ilia. 

A  list  of  the  advantage  parameter,  In  p  ,  values  for  all  83  phase-2 
battles,  ordered  from  the  most  extreme  negative  value  to  the  most  extreme 
positive  value,  was  prepared  and  the  corresponding  victorious  side  was 
listed  beside  each  advantage  parameter  value.  This  arrangement  is 


9 Pec  References  7  and  s  for 


all  statistical  teehnitpies  used  in  thi>  ;uiir. 
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.is  Table  IV.  Tin* re  is  a  tendency,  although  perhaps  not  quite  as 
,  ,:»•  >.i  the  pluse-1  data,  for  numerically  large  advantage  values 

;  >  ■>>!!. -\\  the  \  tutor  with  greater  fidelity  than  numerically  small  advantage 
dues,  l  liis  is  further  exhibited  in  Table  Va,  which  gives  the  number  ol 
victories  by  side  for  advantage  parameter  values  greater  than  0.3,  between 
u.:;  and  -0.3,  and  less  than  -0.3.  Table  Vb  presents  the  same  information 
expressed  as  a  percentage  of  the  number  of  victories  by  the  respective  sides. 
From  Table  Va  wo  see  that,  for  values  of  in  g  numerically  greater  than, 
or  equal  to,  0.3,  the  Lanchester  advantage  parameter  follows  the  victor  in 
30  (S4 ' ■ )  of  4G  battles,  and  does  not  follow  the  victor  in  7  (15.2°L)  of  these 
same  battles. 

Treating  Table  Va  as  u  2x  3  contingency  table,  we  compute  a 
chi-square  value  of  21. a  at  two  degrees  of  freedom.  This  large  a  value  of 
chi  square  would  occur,  by  chance  alone,  less  than  0.5  percent  of  the  time. 

In  sum,  the  Lanchester  advantage  parameter  seems  to  adequately 
reflect  the  more  usual,  intuitive  concept  of  probable  victory. 

Behavior  of  Individual  ’Parameters 
l .  Force  Ratio 

Table  VI  shows  the  theoretical  frequency  of  modified  battles  for 
various  ranges  ol  logarithmic  force  ratio,  In  (x^/  y^),  computed  on  the 
basis  of  a  normal  distribution  with  the  same  mean  and  variance  as  the 
modified  observed  values.  The  observed  frequency  of  modified  battles  is 
shown  for  comparison.  Figure  3  exhibits  the  theoretical  cumulative  normal 
distributions10  and  the  modified  observed  cumulative  distribution  of  loga¬ 
rithmic  force  ratio.  Figure  4  displays  the  theoretical  normal  frequency  dis¬ 
tribution  and  modified  observed  frequency  distribution  of  logarithmic  force 
ratio . 


Solid  Imc  reprcsi-nts  phase-1  results.  Dashed  line  represents  modi  - 
i  i i  ll  I  iattlc  data  results. 
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ol  In-fdoin 


Percent  of  battles  with  In 


Future 


at 


Thfori- lieal  and  observed  eumulntivc  distribution  of 
o^urilhnm*  lore**  ratio,  lnx(j  'y  ,  for  modified  liatlle  data. 
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Frequency  in  number  of  bottles 
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TUTOR  KTICA  I-  (NORMAL  DISTRIBUTION)  AND  OBSERVED  FR KQUFNCY  OF 
BATTLES  WITH  VARIOUS  VAI  UKS  OF  DEFENDER  AI)  VAN  TAG  I! ,  In  ft 


Tlu>  degree  of  agreement  between  the  theoretical  normal  distri¬ 
bution  and  the  modified  observed  distribution  lias  been  tested  using  the  chi- 
square  goodness -of -fit  test,  the  data  being  grouped  as  indicated  in  Table  VI. 
The  value  of  chi  square  obtained  was  13.26  at  seven  degrees  of  freedom. 

This  indicates  that  random  sampling  would  produce  a  poorer  fit  to  the 
theoretical  distribution  about  seven  percent  of  the  time.  This  result  indi¬ 
cates  that  the  modified  data  is  just  barely  consistent  with  the  hypothesis  that 
logarithmic  force  ratio  is  normally  distributed.  Estimated  mean  and 
standard  deviation  for  the  (modified  data)  logarithmic  force  ratio. 

In  (x  /y  ),  are  0. -Ill  and  0.799,  respectively. 

2.  Advantage 

Table  VII  shows  the  theoretical  (normal)  and  observed  frequency 
of  modified  battles  for  various  ranges  of  defender  advantage,  In  p  . 

Figure  !>  exhibits  the  theoretical  (normal)  and  the  observed  modified  cumu¬ 
lative  distribution  of  defender  advantage11 . 

The  chi-square  value  computed  from  Table  VII  (grouping  data  as 
indicated  b.v  the  iast  two  columns)  amounts  to  13.2!)  at  six  degrees  of  free¬ 
dom.  A  chi-square  value  this  large  would  arise  by  random  sampling  only 
about  four  percent  of  the  time.  Hence  the  modified  data  is  just  barely  in¬ 
consistent  with  the  hypothesis  that  In  p  is  normally  distributed.  Estimated 
mean  and  standard  deviation  of  In  p  (modified  data)  arc  -0. 119  and  0.503, 
respectively. 

3.  Bitterness 

Table  Mil  shows  the  theoretical  and  observed  modified  frequenct 
ol  unities  lor  various  ranges  of  logarithmic  bitterness.  In  p  .  Figure  6 
exhibits  the  theoretical  cumulative  normal  distriputiuns1-  and  the  observed 

11  lira  i  i ;i'ex«  nls  |  >li..  .-.t- -  I  results. 

1  led  1 1,11  a  l  e  - tl  Ms. 

Solid  line  represents  phase- 1  results. 
t.i  'I  . i. it : i  results. 

(  i  w'( ;  -sp-i'Mi 


Dashed  line  represents  m. »« 1 : - 
Dashed  line  represents  modi- 
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Figure  r>.  Theoretical  and  observed  cumulative  distribution  of 
defender  advantage,  In** ,  for  modified  battle  data. 
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Theoretical  normal  distribution 
with  moan  -  -2. O.'M, 
standard  deviation  -  o.  737 
(modified  battle  data) 
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Figure  0.  Theoretical  tind  observed  cumulative  distribution  of 
logarithmic*  bitterness,  Inc  ,  for  modified  buttle  data. 
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TABLE  VIII 


modified  cumulative  distribution  of  In  yu  .  The  chi-square  goodness-of- 
iit  tost  applied  to  the  modified  data  (grouped  as  in  Table  VIII)  yields  a  value 
of  chi  square  of  8.60  at  three  degrees  of  freedom.  This  large  a  value  of 
chi  square  would  arise  by  chance  alone  only  about  four  percent  of  the  time. 
Thus,  the  modified  data  is  just  barely  inconsistent  with  the  hypothesis  that 
In  yx  (modified  data)  are  -2.034  and  0.757,  respectively. 

4.  Surviving  Fraction 

The  average  surviving  fraction  of  attacker  (averaged  over  81  modi¬ 
fied  battles)  is  0.864,  the  corresponding  value  for  the  defender  is  0.768. 

As  indicated  in  Table  IX,  there  may  be  a  tendency  for  the  victorious  side  to 
have  a  larger  and  less  variable  surviving  fraction  than  the  defeated  side. 

Table  X  is  presented  to  provide  the  reader  with  an  overview  of  the 
distribution  of  surviving  fractions  based  on  the  modified  data. 

Relations  Between  Selected  Pairs  of  Parameters 
1 .  Victory  and  Force  Ratio 

Table  XIa  gives  the  number  of  modified  battles  won  by  side  and 
numerical  superiority  or  inferiority  (i.  e,,  force  ratio).  Table  Xlb  gives 
the  same  information  as  a  percentage  of  the  bottom  row  marginal  totals. 
Applying  the  chi-square  test  for  independence  in  contingency  tables  (using 
Yates's  correction),  we  find  a  chi-square  value  of  0.005  at  one  degree  of 
freedom.  This  value  would  be  exceeded  by  chance  alone  about  95  percent 
of  the  time,  so  the  data  of  Table  XIa  is  consistent  with  the  hypothesis  that 
victory  is  not  dependent  on  numerical  superiority. 

In  an  attempt  to  reduce  any  possible  masking  effect  arising  from 
grouping  together  battles  with  both  a  small  and  a  large  degree  of  numerical 
superiority,  as  is  done  in  Table  XIa,  values  of  force  ratio  were  chosen  to 
divide  the  81  modified  battles  into  three  approximately  equal  groups,  as 
indicated  in  Table  XU.  The  chi-square  value  computed  from  Table  XII  is 
0.038  at  two  degrees  of  freedom,  which  would  be  exceeded  in  random 
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.I'.  oui  ii''  percent  of  the  time.  In  this  case,  as  formerly,  the  mndl- 
:  i  •!  ii.:t. .  arc  consistent  with  the  hypothesis  tliat  victory  is  independent  of 
n.icn  rua1  ■aipiTiority. 

Wjih  regard  to  extreme  force  ratios,  of  the  HI  modified  battles,  21 
luw  lone  ratios  of  2,000  or  greater.  The  attacker  is  credited  with  victory 
m  12,  the  defender  in  8  of  these  21  battles.  Of  the  81  modified  battles,  2 
have  lorce  ratios  of  0.500  or  less,  the  defender  being  credited  with  victory 
in  both.  Of  the  81  modified  battles,  12  have  force  ratios  of  3,000  or  greater. 
The  attacker  is  credited  with  victory  in  7,  the  defender  In  5,  of  these  12 
battles.  Of  the  81  modified  buttles,  7  have  a  force  ratio  of  5,000  or  greater. 
The  attacker  is  credited  with  victory  in  4,  the  defender  in  3,  of  these  7 
battles.  Also,  of  the  81  modified  battles,  3  have  a  force  ratio  of  10,000  or 
greater.  The  attacker  is  credited  with  victory  in  2,  the  defender  in  1,  of 
these  three  battles.  Thus,  these  data  lend  no  support  to  the  proposition 
that  general  numerical  superiority  is  a  principal  factor  In  tactical  victory. 

2.  Activity  Ratio  and  force  Ratio 

Figure  7  shows  a  linear  scatter  diagram  of  activity  ratio,  D/  A, 
against  force  ratio,  x0/yQ  ■  Figure  8  presents  u  logarithmic  scatter  di¬ 
agram  of  the  same  data.  An  approximate  straight -line-fit  to  the  data  of 
Figure  8  is  also  indicated  1  *  ,  As  explained  in  Reference  1,  these  regres¬ 
sion  lines  are  obtained  from  those  for  advantage.  In  p  ,  on  logarithmic 
force  ratio,  In  x^/  . 


1  'Solid  line  represents  phase-1  results.  Dashed  line  represents 
modified  data  rcsults- 
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3.  Offender  Relative  Advantage 


a.  Advantage  and  Force  Ratio 

Figure  9  shows  a  logarithmic  scatter  diagram  at  g  against 
force  ratio,  x^/ y Q  ,  together  with  the  regression14  line  of  advantage 
In  M  .  on  logarithmic  lorce  ratio,  Inx^/y^.  Table  Kill  displays  the  de¬ 
tailed  results  of  the  regression  of  (modified  data)  In  g  on  x^/  yQ  ,  and 
these  results  demonstrate  that  ^beyond  reasonable  doubt)  defender  advantage 
tends  to  decrease  with  increasing  attacker  numerical  superiority15  . 

As  in  Reference  1,  the  regression  analysis  presented  here 
does  not  rigorously  account  for  the  effect  of  "  measurement  error"  in  the 
values  of  In  xQ  / ,  nor  is  a  more  sophisticated  analysis  undertaken 
either  in  Reference  1,  or  in  this  paper. 

To  check  for  normality  of  the  data  about  the  regression  line 
and  for  linearity  of  the  regression  function,  we  introduce  the  concept  of 
residual  advantage  as  in  Reference  1: 

Residual  Advantage  =  In  -  b  -  cln  (xQ/ yft)  where  b  and  c  are 
the  modified  data  regression  coefficients  given  in  Tabic-  XIII. 

Figure  10  shows  the  modified  observed  cumulative  distribution 
of  residual  advantage  together  with  two  theoretical  cumulative  normal  dis¬ 
tributions16  .  Table  XIV  shows  the  observed  and  theoretical  normal  fre¬ 
quency  of  modified  battles  for  various  ranges  of  residual  advantage. 


14  See  footnote  13. 

*sSec  References  7  and  8. 
'-See  footnote  13. 
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TABLE  Xm 


RESULTS  OF  REGRESSION  OF  ADVANTAGE,  ln/t, 

ON  LOGARITHMIC  FORCE  RATIO, \Q/  yQ 

Regrtssion  line:  In  ft  =  b  +  c  hi 

Number  ot  data  points:  81 

Estimates  value  ot'  regression  coefficients  ±95‘?b  confidence  limits: 

b  »  -0.010  ±  0.115 
c  =  -0.265  ±  0.129 

Standard  error  of  estimate: 

Correlation  coefficient: 

Sample  mean: 

of  Ln  ft  =  -0.119 
of  In  xQ/  yQ  =  0.411 

Sample  variance: 

of  !n  ft  =  0. 503 
of  In  xQ/  yQ  =  0.799 


sln  ft  |  lit  (  xQ  /  y0) 
r  =  -.420 


=  0.460 
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J  i-iuc  10.  I  iieontieal  and  observed  distribution  of  residual 
advantage  for  modified  battle  data. 
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drooping  these  data  as  indicated  in  Table  XIV,  we  compute  a  chi-square 
goodness -of-f it  value  of  3.48  at  five  deuces  of  freedom  which  indicates 
that  a  poorer  fit  womd  occur  by  chance  alone  more  than  50  percent  of  the 
time.  Thus,  the  modified  data  are  consistent  with  the  hypothesis  that  re¬ 
sidual  advantage  is  normally  distributed. 

As  in  Reference  1,  the  run  test  (see,  e.  g. ,  Ref.  7  for  de¬ 
scription  of  the  run  test)  is  used  as  a  rough  check  on  linearity  of  the  re¬ 
gression  function.  A  count  shows  that,  of  the  81  modified  battles,  42  are 
represented  by  points  above  the  regression  line  of  advantage  on  logarithmic 
force  ratio  and  39  are  represented  by  points  which  lie  below.  A  total  of 
42  runs  occur  in  the  modified  sample  of  81  residual  advantage  values,  in 
order  of  increasing  force  ratio.  Chance  fluctuations  about  a  linear  re¬ 
gression  line  would  produce  fewer  than  42  runs  much  more  than  5  percent 
of  the  time,  so  that  modified  data  is  consistent  with  the  hypothesis  of  i 
linear  population  regression  curve. 

The  semi-logarithmic  scatter  diagram  of  residual  advantage 
against  force  ratio  given  in  Figure  11  also  supports  the  hypothesis  of  linear 
population  regression  curve17  . 

b.  Advantage  and  Bitterness 

Figure  12  shows  a  logarithmic  scatter  diagram  of  bitterness , 
e  ,  against  g  .  No  trend  is  readily  discernible  to  the  eye.  Nevertheless, 
a  regression  analysis  of  the  modified  data,  the  results  of  which  are  given 
in  Table  XV,  indicates  a  slope  which  is  significantly  (at  better  than  the 
one  percent  level)  different  from  zero.  The  author  does  not  believe  that 
the  formal  analysis  given  in  Table  XV  ought  to  be  given  too  much  credence, 


17  See  footnote  13.  The  phase-1  line  of  zero  residual  advantage  is 
calculated  the  difference  of  phased  and  modified  regression  lines  oi  ,:d- 
vantagi'  on  logarithmic  force  ratio. 
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Figure  12.  Logarithmic  scatter  diagram  of  bitterness,  € 
against  /i  for  phase-2  data. 


•1-t 


CORG-SP-190 


TABLE  XV 


RESULTS  OF  REGRESSION  OF  LOGARITHMIC  BITTERNESS,  In  e  , 

ON  ADVANTAGE,  In  n 


Regression  line:  In  e  =  b  +  c  In 

Number  of  data  points:  81 

Estimated  value  of  regression  coefficients  ±95v  confidence  limits: 


b  =  -2.087  ±  0.166 
c  =  -0.448  ±0.323 

Standard  error  of  estimate:  slae  j  in^ 

Correlation  coefficient:  r  =  -0.293 

Sample  mean: 

of  In  e  =  -2.034 
of  hi  n  =  -0. 119 
Sample  variance: 

of  lne  =  0.572 
of  In  n  =  0.  253 
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Figure  13.  Logarithmic  scatter  diagram  of  p  against  battle  duration,  t, 

for  phase -2  data. 
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si  no*'  so  much  scatter  is  in  evidence  in  Figure  12  and  in  the  wide  confidence 
limits  of  Table  XV.  Moreover,  in  performing  several  significance  tests, 
it  mien  happens  that  some  test  will  indicate  significance  as  a  purely  chance 
effect  (naturally,  such  an  indication  of  significance  is  spurious  and  withouL 
real  meaning),  and  the  author  is  inclined  to  think  that  such  an  accidental 
indication  of  significance  lias  occurred  in  the  modified  regression  of  loga¬ 
rithmic  bitterness,  In  e  ,  an  advantage,  In  /u  .  For  this  reason, 

Figure  12  shows  only  the  lines  fot  average  logarithmic  bitterness18  rather 
than  the  computed  regression  line  with  parameters  as  given  in  Table  XV. 

c.  Advantage  and  Battle  Duration 

Figure  13  shows  a  logarithmic  scatter  diagram  of  n  against 
battle  duration,  l.19  A  regression  analysis  of  the  35  modified  battles  for 
which  duration  data  are  provided  in  Table  I  was  performed,  the  results  of 
which  are  given  in  Table  XVI.  The  analytical  results  are  consistent  with 
the  hypothesis  that  advantage,  in  p  ,  is  uncorrelated  with  logarithmic 
battle  duration,  In  t. 

This  last  result,  in  conjunction  with  the  assumption  of  the 
previous  section  to  the  effect  that  advantage  and  logarithmic  bitterness  are 
uncorrelated,  suggests  that  advantage  is  not  correlated  with  logarithmic 
intensity.  In  \  ,  This  suggestion  is  not  investigated  in  detail. 

d.  Residual  Advantage  and  Various  Other  Parameters 

(1)  Bitterness.  Figure  14  gives  a  semilogarithmic  scatter 
diagram  of  residual  advantage  against  bitterness,  e  .  No  significant  de¬ 
gree  of  correlation  is  readily  apparent  to  the  eye. 


,8See  footnote  13. 
Se<'  (uOtlK  le  1  3  . 
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TABLE  XVI 

RESULTS  OF  REGRESSION  OF  ADVANTAGE,  In  m. 

ON  LOGARITHMIC  BATTLE  DURATION,  In  t 

Regression  line:  Ln/i=b  +  clnt 

Number  ox*  data  points:  35 

Estimated  value  of  regression  coefficients  t!'5%  confidence  limits: 
b.  a  -0.UU6  ±  0.364 
c  =  -0.076  ±  0.093 

Standard  error  of  estimate:  ^  |  in  t  *  0i'186 

Correlation  coefficient:  r  =  -0.279 

Sample  mean: 

of  In  p  =  -0.264 
of  In  t  =  3.350 

Sample  variance: 

ol’lnp  =  0.249 
of  In  t  *  3.322 
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Figure  14.  Scmilogarithmic  scatter  diagram  of  residual  advantage  against 
bitterness,  e  ,  for  phase-2  data. 


(2)  Tata!  Force.  Figure1  15  gives  a  semilogarithmic  scatter 
diagram  of  residual  advantage  against  total  force,  X.  No  correlation  is 
apparent  to  the  eye. 

(3)  Total  Casualties.  Figure  10  gives  a  semilogarithmic 
scatter  diagram  of  residual  advantage  against  total  casualties,  C  .  No 
correlation  is  apparent  to  the  eye. 

None  of  the  above  cases  have  been  analyzed  in  detail,  prin¬ 
cipally  because,  for  the  most  part,  the  results  seem  to  be  predictable 
from  simple  inspections  of  the  scatter  diagrams. 

e.  Residual  Advantage  and  Battle  Date 

Figure  17  shows  a  linear  scatter  diagram  of  residual  ad¬ 
vantage  against  battle  date.  To  fit  all  of  the  battles  on  the  same  sheet, 
the  time  scale  is  broken  at  the  year  1740,  and  the  battles  which  occurred 
prior  to  1740  are  plotted  to  the  left  of  their  date  of  occurrence  in  two 
columns.  The  column  on  the  extreme  left  includes  all  phase-2  battles  which 
took  place  before  1600,  the  other  column  includes  all  phase-2  battles  which 
took  place  between  1600  ana  1740.  No  consists  trend  of  residual  advantage 
with  battle  date  is  apparent  in  Figure  17. 

f.  Narratives  for  Residual  Advantage 

To  provide  some  information  on  nonquantitative  factors  which 
might  affect  residual  advantage,  eight  modified  battles  with  the  most  ex¬ 
treme  values  of  residual  advantage  were  selected  for  further  study . 

four  battles  for  the  most  extreme  positive  and  four  for  the  most  extreme 
negative  values  of  residual  advantage.  In  order  of  descending  vaiue  or 
residual  advantage,  these  eight  battles  are*0  : 


Numbers  in  parenthesis  give  the  value  of  residual  advantage. 
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Figure  15.  Scmil<  garithmic  scatter  diagram  of  residual  advantage  against 
total  force,  x ,  for  phase-2  data. 
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Figure  16.  Semilogarithmie  scatter  diagram  of  residual  advantage  against 
total  casualties,  c,  for  phase-2  data. 
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Figure  17.  Linear  scatter  diagram  of  residual  advantage  against  battle  date  for  phase-2  data. 
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Moon  nee  (0.9900),  Sempach  (0.901),  Wartemberg  (0.837),  Kennesaw  Moun- 
tain  (0.762),  Monongahela  (-0.812),  Kwajalein  North  (-0.845),  Atbara 
(-0.953) ,  and  Bronkhurst  Spruit  (-1.244).  The  narrative  accounts  for  these 
battles  are  contained  in  Appendix  C.  No  pretense  at  completeness  is  made, 
and  little  real  value  can  be  gained  from  the  sketchy  description  presented. 
There  seems  to  be  a  suggestion  that  (1)  extreme  negative  residual  advan¬ 
tage  values  are  associated  with  the  achievement  by  the  attacker  of  surprise 
or  the  delivery  of  heavy  bombardment,  and  (2)  extreme  positive  residual 
advantage  values  are  associated  with  the  choice  by  the  attacker  of  direct 
frontal  attacks  lacking  in  surprise. 

g.  Residual  Advantage  and  Victory 

From  Table  XVTIa  we  see  that  residual  advantage  follows  the 
victor  in  63  (77.8%)  of  the  81  modified  battles,  and  does  not  follow  the 
victor  in  18  (22.2%)  of  these  battles21  .  To  test  the  observed  data  against 
chance  we  use  the  chi-square  test  as  before,  applying  Yate's  correction 
and  considering  Table  XVTIa  as  a  2  x  2  contingency  table.  This  yields  a 
chi-square  value  of  23.99  at  one  degree  of  freedom,  a  value  which  would 
be  exceeded  much  less  than  0.5  percent  of  the  time  if  chance  were  the  only 
factor  affecting  the  data.  Table  XVIII  lists  the  residual  advantage  values  in 
order  of  increasing  algebraic  value,  together  with  the  corresponding  vic¬ 
torious  side.  Residual  advantage  appears  to  follow  the  victor  with  at  least 
as  much  fidelity  as  dees  advantage  (cf. ,  Tables  IV  and  XVIII),  especially 
for  numerically  large  residual  advantage  values. 

From  Table  XlXa,  we  see  that  for  values  of  residual  advantage 
numerically  greater  than  0.2,  the  residual  advantage  parameters  follow  the 
victor  in  43  (84.3%)  of  the  51  modified  battles  and  do  not  follow  the  victor 
in  8  (15. 7%.)  of  these  battles.  Treating  Table  XIX  as  a  2  x  3  contingency 


21  Advantage  also  follows  the  victor  in  77.8  percent  of  the  SI  modified 
banks;  however,  the  set  ot  63  battles  in  which  residual  advantage  follows 
the  victor  is  not  the  same  as  the  set  ot  63  battles  in  which  the  advantage 
follows  the  victor. 
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TABLE  XVin 


RESIDUAL  ADVANTAGE  AND  VICTORIOUS  SIDEa 


Residual 

Advantage 

Victor 

Residual 
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Victor 

Residual 
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Victor 

-1.445b 

Ab 
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wsswm 
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-1.244. 

A 

Biff.  ---• 

1> 

-1.  224b 

A3 

-0.025 

D 

D 

-0.953 

A 

-0.017 

A 

BBKh'J 

D 

-0.845 

A 

-0.004 

A 

HK4 

D 

-0.812 

A 

0.010 

A 

A 

-0.777 

A 

0.043 

D 

0.753 

D 

-0.760 

A 

0.048 

A 

0.7S2 

D 

-0.702 

A 

0.061 

D 

0.837 

A 

-0.702 

A 

0.062 

A 

0.901 

D 

-0. 603 

A 

0.102 

D 

0.990 

D 

-0. 603 

A 

0.106 

A 

-0. 590 

A 

0,113 

D  ' 

-0. 571 

A 

0. 134 

A 

-0. 545 

A 

0.100 

D 

-0.464 

A 

0. 155 

A 

-0.  456 

A 

0.166 

D 

-0.429 

A 

0. 188 

A 

-0.367 

A 

0.193 

D 

-0.  361 

A 

0.201 

D 

-0.  332 

A 

0.220 

-0.  311 

A 

0.228 

-0. 305 

D 

0.255 

-0.  289 

D 

0.261 

-0.  216 

A 

0.263 

-0.  188 

A 

0.264 

0 

-0.  181 

A 

0.236 

-0.  151 

A 

0.290 

IS 

-0.093 

A 

0.301 

-0.086 

A 

0.307 

-0.085 

D 

0.327 

V 

-0.084 

A 

0.339 

D 

-0.064 

D 

0.373 

D 

•0.056 

A 

0.420 

D 

-0.  050 

A 

0.448 

D 

-0.041 
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0.  185 
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aA  =  Attacking  Side  Victorious 
D  •  Detending  Side  Victorious 
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TABLE  XiXa 


Victor  A  11.6  42.5  44.7  100 


table,  we  compute  a  chi-square  value  of  2G.77  at  two  degrees  of  freedom 
which  is  significantly  much  better  than  the  0.5  percent  level. 

As  argued  in  Reference  1  from  similar  results  obtained  from 
phase-1  data,  these  findings  indicate  that  the  principal  determinants  of 
victory  in  battle  are  contained  in  the  residual  advantage  parameter. 

4.  The  Effects  of  Battle  Date 

The  relation  between  residual  advantage  and  battle  date  lias  been 
examined  in  previous  paragraphs.  The  relation  between  battle  date  and 
some  of  the  other  parameters  will  be  considered  in  this  section. 

a.  Force  Ratio  and  Battle  Date 

Figx.re  18  gives  a  linear  scatter  diagram  of  logarithmic  force 
ratio  against  battle  date.  No  correlation  is  apparent  to  the  eye. 

b.  Duration  of  Battle  Date 

Figure  19  gives  a  semilogarithmic  scatter  diagram  of  duration 
in  hours  against  battle  date.  There  may  be  some  tendency  for  battle  dur¬ 
ation  to  increase  with  battle  date  since  about  1750. 

c.  Bitterness  and  Battle  Date 

Figure  20  gives  a  semilogarithmic  scatter  diagram  of  bitter¬ 
ness  against  battle  date.  To  fit  a))  of  the  data  on  one  sheet,  the  time  scale 
has  been  broken  at  1550,  data  for  battles  prior  to  1500  being  plotted  in  a 
column  at  the  extreme  left  together  with  tile  date  at  which  tlv  battle  occurred , 

There  may  Itave  been  a  very  gradual  and  exceedingly  long-term 
trend  toward  lower  bitterness  values,  although  the  sparseness  of  data  for 
battles  of  carlv  limes  makes  interpretation  difficult. 
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9.  Somilogarithmic  scatter  diagram  of  battle  duration,  t,  against  battle 
date  for  phase-2  data. 


Figure  t:o.  Senwlogarithmic  scatter  diagram  nf  bitterness,  e  ,  against  battle  date  for 

phase-2  data. 
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d.  Intensity  and  Battle  Dale 


Figure  21  (lives  a  semilogurilhinic  scatter  diagram  ol  intensity, 
\.  ,  against  battle  date.  The  intensity  seems  to  have  di  dined  from  lTio  to 
the  present. 

5.  Bitterness,  Intensity,  and  Duration 

Figure  22  gives  a  logarithmic  scatter  diagram  of  bitterness,  c  , 
against  duration,  t,  together  with  regression  lines  of  logarithmic  bitter¬ 
ness  on  logarithmic  duration**  .  Table  XX  gives  the  results  of  a  formal 
regression  analysis  of  In  t  for  the  modified  data,  and  indicates  that  the 
modified  regression  line  slope  is  significantly  (5'7.  level,  two-tailed  test) 
different  from  zero,  though  just  barely  so.  The  author  is  definitely  in¬ 
clined  to  accept  this  formally  significant  result  since  it  appears  to  be  sup¬ 
ported  bv  visual  inspections  of  Figure  22,  especially  when  It  Is  recalled 
that  phase-2  duration  data  have  not  been  \djusted  or.  the  assumption  of  no 
night  fighting,  and  since  the  Atlanta  and  Vicksburg  campaigns  may  not  be 
typical  of  operations  with  durations  in  excess  of  1000  hours. 

a.  Residual  Logarithmic  Bitterness 

Residual  logarithmic  bitterness  is  defined  in  a  fashion  simi¬ 
lar  to  residual  advantage.  Table  XXI  shows  the  theoretical  and  modified 
observed  frequency  of  battles  for  various  ranges  of  residual  logarithmic 
bitterness.  Application  of  the  chi-square  goodness-of-fil  lest  to  these 
data,  grouped  as  indicated  in  the  last  two  columns  of  Table  XXI,  yields  a 
chi-square  value  of  1 . 09.r>  at  three  degrees  of  freedom,  a  value  which  would 
be  exceeded  '>\  chance  alon«  more  than  7.1  pei'ei-ni  of  the  time.  Thu.-.,  il  • 
imxlitied  data  is  consistent  with  the  hypothesis  that  residual  logarithmic 
bitterness  is  normally  distributed. 


Si  »I  id  line  represents  pliuse- 1  results.  Da  shed  line  rep  I  eser.l  •-  mo.\- 
!,i  <1  data  ri  suits. 
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TABLE  XX 

RESULTS  OF  REGRESSION  OF  LOGARITHMIC  BITTERNESS  In 
ON  LOGARITHMIC  DURATION,  i„  !„,■  ‘ 

Regression  line:  In  e  =  b  +  c  in  t 

Number  of  data  points:  35 

Estimated  alue  of  regression  coefficients  1 95%  confidence  limits: 
b  =  -2.606  ±  0.643 


c  =  0.187  i  0.169 
Standard  error  of  estimate; 

Correlation  coefficient: 


Sample  mean: 


of  In  e  =  -1.979 
of  In  1  =  3.  343 


Sample  variance: 


of  In  e  =  o.  885 
of  In  t  =  3.375 


cln  e  j  In  /a  889 


r  =  C  ,,j 
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Figure  -3  shows  a  graph  of  the  cumulative  distributions  for 
llv  modified  observed  data  and  for  tlae  theoretical  normal  distributions2  3  . 

Figure  2*1  gives  a  linear  scatter  diagram  of  residual  logarithmic 
bitterness  against  battle  date.  No  trend  is  apparent  to  the  eye. 

b.  Intensity  and  Duration 

Figure  25  gives  a  logarithmic  scatter  diagram  of  intensity, 

A  ,  against  duration,  t  .  Also  shown  are  the  regression  lines  of  logarithmic 
intensity  on  logarithmic  duration24  .  There  is  a  very  definite  downward 
trend  ol  intensity  with  increasing  duration. 

6.  Total  Casualties  and  Total  Force 

Figure  26  presents  a  logarithmic  scatter  diagram  of  total  casualties, 
C  ,  against  total  force,  X  ,  Also  shown  for  comparison  is  the  line 
C  0. 15  ,  where  the  constant  0.15  was  selected  to  agree  approximately 
with  the  average  total  casualty  fraction  (averaged  ever  81  modified  battles). 
With  the  exception  of  a  few  points,  the  line  C  -  0. 15  X  appears  to  be  a 
reasonable  fit  to  the  data. 

7.  Foi  cc  Ratio  and  Total  Force 

Figure  27  exhibits  a  logarithmic  scatter  diagram  of  force  ratio, 
n  /y  ,  against  total  force,  X  .  Also  shown  for  comparison  ire  the  lines 
corresponding  to  the  average  logarithmic  force  rai’os2  .  No  consistent 
trend  of  force  ratio  with  total  force  is  apparent  to  the  eye. 

s.  Duration,  Total  Force  and  Force  II, » io 

Figure  2d  shows  a  logarithmic  scatter  diagram  of  duration,  >  . 
against  total  force,  X  ,  and  Figure  2‘J  show's  a  logarithmic  scatter  diagram 
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<’(  '(J-SP-100 


I.l 


10 


50 


100 


0  1 


0.5 


Force  ratio,  v/v, 
0  0 


Figure  29.  Logarithmic  scatter  diagram  of  duration, 
ratio,  Xg/y0>  for  phase -2  data. 
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of  miration  against  force  ratio,  xQ/  yQ  .  These  data  have  not  been  formally 
analyzed,  but  no  consistent  trends  are  apparent  to  the  eye. 

9.  Participating  Nation  and  Victory 

The  residual  advantage  (modified  data)  was  arranged  to  represent 
the  residual  advantage  favorable  to  each  of  the  six  most  frequently  partici¬ 
pating  nations26  .  Figures  30  through  35  present  the  results  for  the  rc- 
specivc  nations  in  the  form  of  linear  scatter  diagrams  of  residual  advantage 
favorable  to  the  individual  nations  against  battle  date.  Since  residual  ad¬ 
vantage  does  not  always  follow  the  victor,  a  table  showing  victories  and 
defeats  for  each  nation  and  side  was  also  prepared  and  is  presented  as 
Table  XXD,  which  exhibits  the  number  of  victories  for  each  participating 
nation  as  a  fraction  of  total  participation  and  gives  approximate  95  percent 
confidence  limits  for  the  probability  of  victory. 

Reference  1  notes  some  of  the  difficulties  that  need  consideration 
in  evaluating  these  data.  For  these  reasons,  no  formal  analysis  of  these 
data  is  presented  here,  other  than  that  involved  in  estimating  approximate 
confidence  intervals  for  the  probability  of  victory.  Informally,  it  appears 
that  no  one  nation  lias  consistently  been  tactically  superior  to  its  opponents. 
For  example, Table  XXIIIappears  to  indicate  that  the  modified  data  are  con¬ 
sistent  with  the  hypothesis  that  the  probability  of  victory  is  about  0.5.  Thai 
one  (i,  e. ,  about  4*i)  of  the  twenty-five  95  percent  confidence  intervals  given 
in  Table  XXIII  does  not  include  the  0,5  probability  value  may  be  of  no  signiii- 
c  a  nee,  since  about  five  percent  of  such  confidence  intervals  will  exclude 
the  true  probability  value  by  the  action  of  chance  alone. 


Z6The  residua)  advantage  favorable  to  a  nation  participating  in  a  battle 
on  the  ilel’inding  side  is  the  same  as  the  residual  advantage  previously  de¬ 
fined.  vor  a  nation  participating  on  the  attacking  side,  it  is  numerically 
i  I  !•>  I  he  i  esiduai  advantage  previously  detnied.  but  taken  u  it  h  the  op- 

j'.isde  sign. 
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urc  31.  Linear  scatter  diagram  of  residual  advantage  favorable  to  Prussia  (or  Germany! 

against  battle  date  for  phtise-2  data. 
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NUMBERS  OF  VICTORIES  AND  DEFEATS  BY  PARTICIPATING  NATION  AND  BY  SIDE 


TABLE  XXIII 


NUMBER  AND  FRACTION  OF  VICTORIES  BY  PARTICIPATING  NATION 


Participating 

Nation 


Franco 
United  States 
of  America 
Britain  (  or 
K  nglan'J 

Confederate 
States  of 
Amorica 
Russia 
Prussia  (  or 
Germany  ) 
India 
Austria 
Rome 
Japan 
Sweden 
Greece 
Turkey 
South  Africa 
Mexico 
Switzerland 
Canada 

Eastern  Roman 
Empire 
Mongolia 


Spain 
Persia 
Poland 
Yugoslavia 
Italy 
Texas 


Number  of 
Victories 


18 

13 

16 


3 

1 

1 

1 

2 

3 

■> 


1 

1 

0 

0 

0 

0 

0 

0 


Total 

Participation 


31 

21 

19 


17 

12 


10 

8 

7 

6 

6 

5 

2 

2 

2 

2 

2 


Victories  as  a 
Fraction  of  To¬ 
tal  Participation 


0.  58 
0.  62 
0.8-1 


0.47 

0.42 


0.30 
0.  12 
0.  14 
0. 17 
0.33 
0.60 
I.  00 
0.50 
0.  50 
1.00 
0.  50 
0.  50 


1.00 
1.00 
0  00 
0.00 
0.00 
0.00 
0.00 
0.00 


Approximate  957 
Confidence  Inter¬ 
val  for  Probability 
of  Victory 


0.4-0 

0.4-0 

0.6-1 


.8 

.8 

.0 


0.3-0 

0.2-0 


.  7 
7 


0.1-0 
0.0-0 
0.0-0 
0.0-0 
0.  1-0 
0.2-0 
0.2-1 
0.0-1 
0.0-1 
0.2-1 
0.0-1 
0.0-1 


6 

5 

G 

.6 

.7 

.9 

.0 

.0 

.0 

.0 

.0 

.0 


0.0-1 

J.0-1 

0.0-1 

0.0-1, 

O.o-l, 

O.o-l. 

0.0-1. 

0.0-1. 


Estimates  given  are  based  on  OS'?  confidence  limits  for  the  binomial  probability 
computed  by  equating  deserved  fraction  of  victories  to  observed  proportion  of  sue 
and  tota  participation  to  sample  s./e.  Confidence  intervals  for  each  nation  were 
cntiy  <kaLi  rmnunj  and  (ho  interval  limits  wvtc  rounded  to  the  nearest  tenth  prior 
incur'  oration  in  the  laMe.  H 
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COMPARISON  OF  PHASE -1  AND  PHASE-2  RESULTS 


In  this  section  the  results  obtained  in  Reference  1  are  compared  with 
the  results  obtained  in  the  foregoing  for  the  modified  data,  and  (to  a  lesser 
extent)  w  it h  the  entire  set  of  phase-2  data.  As  each  comparison  is  made, 
it  is  discussed  in  some  detail  so  that  conclusions  may  be  drawn  in  the  light 
of  both  phase-1  and  phase-2  data.  Additional  discussion  sections  are  in¬ 
cluded  in  order  that  additional  background  or  other  special  material  may  be 
presented  for  consideration  and  evaluation  by  the  reader. 

Comparison  of  Data 

Population  and  Sample 

1.  Sample  Size 

The  total  sample  sizes  for  the  phase-1  and  the  modified  data  are 
comparable  (02  and  81  battles,  respectively) .  However,  the  modified  data 
have  fewer  battles  with  duration  data  (35  as  compared  to  82  of  the  phase-1 
battles). 

2.  Distribution  in  Time 

The  modified  data  contains  several  battles  which  occurred  prior 
to  1750,  and  thus  extends  the  phase- 1  data  to  earlier  times. 

3.  Distribution  in  Space 

The  modified  data  contains  battles  from  the  East  and  African  areas, 
though  neither  area  is  represented  in  the  phase-1  data. 

•1.  Distribution  Among  Countries 

Five  of  the  six  most  frequently  participating  nations,  according  to 
phase-1  daia,  also  appear  among  the  si.x  most  frequently  participating 
i  ii  ;■<!-•  according  to  the  modi  lieu  data. 
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Magnitude  of  l  ho  Sample  Battks 

In  terms  of  total  force,  X  .  the  modified  data  contain  several 
small  battles,  though  the  phase-1  data  did  not.  Moreover,  the  average 
total  force  for  the  modified  data  is  about  half  that  for  the  pltaso-1  data. 

Comparative  magnitudes  in  terms  of  total  casualties,  C  ,  are 
similar  to  those  stated  above  for  total  force.  X. 

The  modified  data  exhibits  about  the  same  spread  (or  range  of 
value)  in  total  casualty  fraction,  F  .  values  as  phase-1  data.  The  average 
total  casualty  fraction  value  for  the  modified  data  is  slightly  larger  than 
that  for  phase -1  data. 

The  modified  data  exhibits  a  greater  spread,  and  a  considerably 
higher  average  value,  of  battle  duration,  t  ,  than  phase-1  data. 

Results  for  total  manhours,  M  ,  are  similar  to  those  for  battle 

duration. 


<1.  'Numerical  Superiority 

Force  ratio,  \Q/  ,  values  tend  to  be  larger  for  modified  data 

than  for  phase-1  data.  Especially  notable  (e.  g.  ,  in  Fig.  3),  is  the  much 
greater  proportion  of  battles  with  high  force  ratios  among  the  modified  data 
than  was  the  ease  for  phase- 1  data.  The  author  is  not  surprised  at  this 
finding,  since  -in  part-  the  phase-2  data  were  collected  with  the  idea  of  ex¬ 
tending  phase-1  results  to  higher  values  of  force  ratio  As  a  result,  a 
certain  amount  of  extra  effort  was  devoted  to  the  collection  of  data  on  battle's 
with  large  mrce  ratio  value. 


Victorious  Side 


For  neither  phase- i  nor  modified  data  is  the  proportion  ol  attacker 
victories  si  anil  leant  Iv  dilliTent  from  \  (at  the  V'  lev  M. 
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Comparison  of  Findings 

Ci>rr»  sspondrncp  Between  Parameters  and  Phenomena 

1.  Bitterness 

Comparison  of  Figure  2  of  this  paper  and  Figure  2  of  Reference  1 
indicates  that  the  phusc-2  data  scatters  more  widely  about  the  curve 
e  e  -1  than  docs  the  phase-1.  Some  of  the  additional  scatter  exhibited 
by  phase-2  data  may  be  the  result  of  inaccuracies  in  the  historical  record. 
However,  certain  of  the  data  for  World  War  n  battles  also  depart  from  the 
trend,  and  the  occurrence  of  fairly  sizable  errors  in  data  for  such  recent 
battles  seems  unlikely. 

We  particularly  note  15  battles  which  exhibit  exceptionally  wide 

p 

deviation  from  the  curve  e  -  e  -1,  namely,  those  battles  numbered  in 
Table  I  as  4,  5,  15,  16,  18,  22,  45,  45,  47,  74.  77,  80.  81,  and  82.  We 
define  a  set  of  battles  called  the  "  censored  buttle  data"  comprised  of  all 
phase-2  data  except  the  above-listed  15  Exceptional  battles*7  . 

2.  Advantage 

The  advantage  parameter  follows  the  victor  in  a  higher  percentage 
(77. 8 '1)  of  the  modified  battles  than  in  the  phase- 1  data  (73.9^‘). 

A  comparison  of  Table  TV  of  this  paper  and  Tabic  IV  of  Reference 
1  may  suggest  that  the  modified  data  has  more  exceptions  to  the  general 
trend,  which  is  that  advantage  follows  the  victor  with  greater  fidelity  for 
numerically  large  values  of  advantage.  Nevertheless,  a  comparison  of 
Table  Va  of  this  paper  and  Table  Va  of  Reference  1  shows  that,  for  ad¬ 
vantage  values  numerically  greater  than  0.5,  advantage  for  the  modified 


27  See  Appendix  B  for  detailed  descriptions  ol  the  various  buttle 
groupings  used. 
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il.iia  follows  the  victor  as  frequently  as  for  the  pliase-l  data  p'l.s'  m  each 
»  ,iM  ),  Also,  chi -square  values  computed  Ironi  the  data  of  Table  Ola  ami 
Tabic  Va  are  actually  (treater  for  the  modified  data  titan  for  the  corre¬ 
sponding  |>haae-l  data.  Similar  results  would  be  obtained  If  data  from  all 
s;i  phase-2  battles  were  used. 

fit  sum,  the  phase-2  data  strikingly  confirm  pltase-1  findings  with 
regard  to  the  association  between  victory  In  battle  and  the  Lanchester  ad  - 
vantage  parameter. 

Behavior  o[  Individual  Parameters 
1 .  Force  Ratio 

Figure  3  shows  that  the  modified  data  contain  a  larger  proportion 
of  battles  with  very  high  force  ratio  values  than  the  phnsc-1  data.  As  noted 
earlier,  this  may  bo  a  result  ol  the  special  effort  devoted  to  collection  of 
phase-2  battles  with  very  high  force  ratios.  If  some  of  these  bailies  with 
a  very  high  force  ratio  were  deleted  from  the  modified  data,  then  the  dis¬ 
tribution  of  logarithmic  force  ratio  for  the  modified  data  would  be  about  the 
same  as  for  phase-1  data.  Consequently ,  the  author  feels  that  the  phase-2 
data  tends  to  support  rather  than  contradict  phase-1  results  regarding  the 
distribution  of  logarithmic  force  ratio. 


2,  Advantage 

Figure  5  shows  that  the  modified  data  contains  a  larger  proportion 
<>l  battles  with  very  low  advantage  values  than  the  phase-1  data.  Because 
el  the  negative  correlation  of  advantai  ••  and  force  ratio,  at  least  a  part  of 
Hu-,  may  be  a  result  ol  the  login  r  proportion  ol  bullies  with  very  large 
toive  ratio  values  in  the  modified  data.  Deletion  ol  the  battles  with  very 
high  force  ratios  nould  tend  to  bring  the  modified  data  in  line  with  phusc-i 
"•  !>.  ih;-.  i -a si  ,  bn  ih,  ill. •an button  ol  ful  l a'  i  .;li  .  t  he  ,mt i,. u 

i<i  ■.  Ii.il  the  inoditii  il  data  lend  to  support  pluise-l  results  more  than  to 
■  igt r.iiliei  (hem. 
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I"u>  riM.lcr  :s  cautioned,  hour v it,  that  fix  mal  tests  have  not  been 
■  .  •)  end  in  i  .  ;.»ri»  i>lv  establish  the  above  annum-nth  tonccimm-.  the 

..  -I  -2  il  sinhutums  ot  force  ratio  and  .nbant.im'.  In  part,  this  is  Iktjum' 
t  •  .•  it  hoi  d.i  s  nut  possess  any  criteria  which  would  objectively  select 
h.iii'i  s  t«»r  deletion,  lacking  such  a  criterion,  the  author  ptotoi's  an  un¬ 
complicated  subjective  argument  to  an  apparently  sophisticated  argument 
i  oiving  complicated  procedures  which  might  lent!  to  suggest  a  higher  de- 
pec  oi  object ivity  and  rigor  tlun  la  actually  the  ease. 

;l.  ditternesa 

Despite  an  earlier  rinding  to  the  effect  'hat,  for  the  modified  data, 
logarithmic  bitterness  vv:is  (just  barely)  not  normally  distributed,  we  will 
in  this  section  assume  that  it  may  be  treated  as  being  approximately  nor¬ 
mally  distributed.  Part  of  the  justification  for  this  is  provided  by  Figure  6 
which  shows  that  In  c  is  in  fact  approximately  normally  distributed,  and 
part  is  provided  by  the  fact  Hull  the  statistical  procedures  we  will  use  are 
reasonably  insensitive  to  moderate  departures  from  strict  normality. 

We  brat  wish  to  test  whether  the  modified  logarithmic  bitterness 
data  came  from  a  population  with  a  turner  variance  than  the  phase- 1  data. 
Thus,  we  form  the  K -ratio  ot  the  sample  variances**  ,  which  amounts  to 
about  1,2!  with  !>1  and  so  decrees  of  freedom.  On  th  '  vpotl’  »si»  that  the 
modified  and  phasc-1  population  variances  are  equal,  a  large  F- ratio  value 
ei mill  be  expected  to  occur,  by  chance  alone,  more  than  20  pei  ..  of  the 
time  (one-tailed  test).  Consequently,  the  data  are  consistent  with  the 
hypothesis  that  modified  and  phase-1  population  of  logarithmic  bitterness, 

.!:  •  •  «,u.il .  Tin  estimated  population  variances,  obtained  In  pooling  the 
inodilivd  and  pluise-1  data*9  ,  is  O.tidH  which  corresponds  to  an  estimated 
j>..|  ilation  staiuia id  deviation  of  0,79'.). 
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Now  wo  wish  l<>  u  *  briber  the  modified  data  rom"  from  a  popu- 
lation  with  a  different  avera gi  logarithmic  bitterness  than  the  phase- 1  data, 
following  Relefonee  7,  wr  compute  a  Student's  t  value  of  1.01  at  171  de¬ 
crees  of  freedom.  On  the  hypothesis  that  modified  and  phase-1  popula'-ons 
have  the  same  average  value  of  logarithmic  bitterness,  a  more  extreme 
value  of  Student's  t  would  bo  expected  to  occur  by  chance  alone  more  than 
30  percent  of  the  time  (two-tailed  test).  Titus,  the  data  are  consistent  with 
the  hypothesis  that  modified  and  phase-1  duta  come  from  populations  with 
the  same  average  logarithmic  bitterness. 

In  sum,  except  for  the  marginal ly  significant  departure  from 
strict  normality  of  the  modified  logarithmic  bitterness  data,  the  data  is 
consistent  with  the  hypothesis  that  both  modified  and  phase-1  logarithmic 
bitterness  data  represent  independent  samples  from  the  same  distribution. 
Appropriate  pooled  estimates  of  the  mean  and  standard  deviation  of  this 
common  distribution  are  -2.09D  and  0.799,  respectively. 

4.  Surviving  Fraction 

Comparing  Table  IX  of  this  paper  and  Table  IX  of  Reference  1 ,  we 
see  that  both  modified  and  phasc-1  data  support  the  qualitative  finding  that 
the  victorious  side  tends  to  have  a  larger  surviving  fraction  than  the  de¬ 
feated  site.  Indeed,  the  two  tables  are  remarkably  similar  even  from  the 
quantitative  viewpoint,  save  for  the  somewhat  lower  and  more  variable  sur¬ 
viving  defender  traction  for  case  of  attacker  victory.  (It  is  tempting  to 
conjecture  that  this  one  discrepancy  is  connected  with  a  higher  proportion 
of  battles  with  very  large  force  ratios  among  the  modified  data.) 

1  :.i  same  kina  of  similarity  of  modified  and  phase-1  data  is  ovi- 
d<  lit  on  comp:. ring  Table  X  of  this  | taper  with  Table  X  of  Rvlerenee  i. 

Tn  sum,  there  is  little  evidence  for  believing  that  the  imxlificd  and 
phase*- 1  battles  come  from  radically  different  populations  in  regard  to  the 
f*7 .,  ,,,,•  :,f  s*:*'vivin:;  fraction  data. 
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Relations  Between  Pairs  of  Parameters 


I.  Victory  anti  Toroe  Ratio 

A  comparison  of  Table  >3  of  this  paper  and  Table  XIa  of  Reference 
1  indicates  that,  for  both  modified  and  pliase-1  data,  force  ratio  follows 
the  victor  about  54.4  percent  of  the  time.  Modified,  phase-1,  and  pooled 
^modified  +  phase-1)  data  are  all  consistent  (at  the  5%  level  of  significance) 
with  the  hypothesis  that  force  ratio  follows  victor  50  percent  of  the  time. 

Comparison  of  Table  XII  of  this  paper  and  Table  XII  of  Reference  1 
shows  that  modified,  phase-1,  and  pooled  (modified  +  phase-1)  data  are 
consistent  (57  level  of  significance)  with  the  hypothesis  that  force  ratio 
and  victory  are  independent. 

Similar  results  obtain  when  battles  with  extreme  force  ratio 
values  from  modified  and  phase-1  data  are  compared  with  regard  to  the 
proportion  of  observed  cases  in  which  force  ratio  follows  the  victor. 

These  remarkable  confirmations  of  phase-1  results  leave  little 
room  for  doubting  the  proposition  that  victory  in  battle  is  independent  of 
numerical  superiority 30  . 

2..  Activity  Ratio  and  Force  Ratio 

Figure  8  indicates  that  modified  and  phase -1  data  are  approxi¬ 
mately  the  same  with  regard  to  the  dependence  of  activity  ratio  on  force 
ratio.  The  author  prefers  to  deal  with  this  and  similar  type  questions  via 
the  dependence  of  advantage  on  force  ratio,  and  this  will  be  done  in  the 
following  paragraphs. 


50  Combat  models  used  for  war  gaining  or  other  purposes  should  be 
considered  in  the  light  of  these  facts. 
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o.  Defender  Relative  Advantage 
a.  Advantage  and  Force  Ratio 

Figure  7  suggests  that  modified  and  phase-1  data  are  similar 
in  regard  to  the  dependence  of  advantage  on  force  ratio.  It  is  desirable  to 
have  a  somewhat  more  sophisticated  method  of  comparing  the  two  regression 
lines. 

Unfortunately,  the  author  has  not  been  able  to  discover  a 
rigorous  exact  statistical  technique  adequate  to  compare  two  sample  re¬ 
gression  lines  under  the  conditions  imposed  by  the  data  under  consideration 
in  this  report.  Consequently,  comparison  of  phase-1  and  other  regression 
results  is  accomplished  by  the  following  approximate  method: 

(1)  Estimated  regression  coefficients  based  on  phase-1  data 
are  assumed  to  be  exact  (i.e.,  free  of  sampling  variability). 

(2)  Regression  coefficients  based  on  some  other  set  of  data 
are  compared  with  the  phase-1  regression  coefficients  to  see  if  the  95  per¬ 
cent  confidence  region  generated  by  the  other  data  includes  the  phase-1  re¬ 
gression  point  or  not 31  . 

Figure  36  shows  how  the  approximate  method  is  applied  to 
compare  hase-1  and  modified  data  with  respect  to  the  regression  oi  ad¬ 
vantage  on  logarithmic  force  ratio.  Note  that  the  ordinate  and  abcissa 
of  Figure  36  represent  the  intercept  and  slope,  respectively,  of  the  population 
regression  line.  Confidence  intervals  and  region,  based  on  phase-1  and 
modified  data  regret  coefficients  b  and  c,  are  plotted.  These  confidence 
intervals  and  regir  e  centered  on  the  maximum  lik^Mhood  estimates  plot 
ar  points  on  axes  -.senting  population  values  of  tlx  egression  coefficients 
(such  as  Fie  nj)  as  a  '  phase  diagram.  "  32 


It,  :  3  for  a  discussion  of  confidence  regions  and  the  method 

ol  u.  .  •-'m  ,oare  sample  regression  lines  with  a  priori  regression 

coeltici  ents. 

I  i'c  reader  is  cautioned  that  this  may  not  correspond  to  standard 
terminology. 

<rj 
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Thus  wc  refer  to  Figure  36  as  the  phase  diagram  showing  con- 
tidvuce  intf  rvais  and  regions  for  the  phase-1  and  modified  data  regressions 
of  advantage  on  force  ratio. 

In  accord  with  the  criteria  fov  comparing  regression  lines  out¬ 
lined  above,  the  phase- 1  confidence  region  is  considered  as  being  concentrated 
at  the  phase-1  maximum  likelihood  point  and  the  phase  diagram  is  examined  to 
see  whether  the  modified  data  confidence  region  includes  that  point  or  not. 

In  Figure  36,  the  modified  data  confidence  region  does  not  include  the 
phase-1  maximum  likelihood  point.  This  indicates  Hurt  the  modified  data  is 
consistent  with  the  phase -1  data  with  regard  to  the  regression  line  of  ad¬ 
vantage  on  logarithmic  force  ratio3-1  . 


33  Note  that  since  we  are  using  95  percent  confidence  regions  through¬ 
out,  and  since  we  are  also  neglecting  sampling  variability  in  the  phase-1 
data,  we  in  fact  have  consistency  either  at  the  5  percent  level  or  at  a  higher 
level.  That  is,  a  worse  agreement  would  be  expected  to  occur,  through  the 
action  of  chance  alone,  at  least  5  percent  of  the  time.  In  statistical  termi¬ 
nology,  the  test  criterion  outlined  above  will  reject  the  null  hypothesis  (of 
no  difference  in  phase- 1  and  other  data  population  regression  lines)  at  least 
5  percent  of  the  time  by  chance  alone,  assuming  that  the  null  hypothesis  is 
true,  that  is,  the  probability  of  a  Type  1  error  is  5  percent  or  greater.  Thus 
the  proposed  criteria  for  comparing  regression  lines  tends  to  be  on  the  con¬ 
servative  side  in  the  sense  that  there  are  some  circumstances  lor  which  it 
will  lead  to  rejection  of  the  null  hypothesis  while  in  the  same  circumstances 
a  more  exact  treatment  would  lead  to  acceptance  of  the  null  hypothesis,  and 
whenever  the  exact  treatment  leads  to  rejection  of  the  null  hypothesis  the 
approximate  criteria  will  a.so  load  to  rejection  of  the  null  hypothesis. 

These  statistical  assertions  are  intuitively  obvious  when  it  is  remem¬ 
bered  that  the  approximate  criteria  correspond  to  the  exact,  treatment  for  a 
tesi  which  assumes  phase-1  results  to  be  given  a  priori,  that  is,  without 
allowance  for  sample  variability.  The  exact  treatment  of  this  problem 
would  make  appropriate  allowances  for  the  sampling  variability  of  phase-1 
maximum  likelihood  points. 


Although  we  have  argued  in  the  proceeding  paragraph  that  the 
I  ■  a  ha  ion  regression  line  of  advantage  Oil  logarithmic  force  ratio  is  the 
midi1  lor  modified  as  for  phase-1  data,  a  comparison  of  Table  XIE  and 

XL!!  of  Reference  2  indicates  that  the  variability  of  residual  advantage 
ahr.it  the  regression  line  is  greater  for  the  modified  than  for  the  phase-1 
tiata.  fn  tact,  the  variance  F-ratio  of  modified  to  phase-1  residual  advantage 
data  amounts  to  about  2.40  with  79  and  90  degrees  of  freedom,  a  value  which 
would  be  exceeded  by  chance  alone  less  titan  0.5  percent  of  the  time  (one-tailed 
test).  Thus,  the  data  indicate  that  the  modified  data  tend  to  scatter  more 
widely  about  the  regression  line  than  do  phase-1  data. 


In  an  effort  to  identify,  if  possible,  the  source  of  the  increased  vari¬ 
ability  observed  in  the  modified  data,  the  phase-2  data  were  arranged  to 
form  various  battle  groupings.  Five  such  battle  groupings  are  analyzed  in 


the  following  paragraphs. 

They  are  designed  as  follows: 

Hattie  Grouping 

Designation 

Approximate  Description  34 

1. 

Phase-2 

83  battles  as  listed  in 

Table  1 

2. 

Modified 

81  battles  (battles  number 

21  and  22  are  deleted  from 
phase-2  grouping) 

3. 

Censored 

68  battles  (15  battles  exhibi¬ 
ting  wide  departure  from 
c  =  eF-l,  are  deleted  from 
phase-2  grouping) 

4. 

Harbottle 

56  battles  (include  those  and 
only  those  phase-2  battles 
for  which  Reference  2  was 
used  as  a  source  of  quanti¬ 
tative  data) 

5 . 

Non-Ha  rbottle 

27  battles  (56  Harbottle  bat- 

ties  are  deleted  from  phase- 
2  grouping) 


3 ■'See  Appendix  D  for  a  detailed  description  of  the  various  battle 
groupings  employed. 
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Figure  37.  Ninety-five  percent  confidence  intervals  and 
regions  for  lnji  =  b  +  c  ln(x0/y0)  based  on 
phase -1  and  censored  battle  data. 
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Some  of  the  relations  among  these  five  battle  groupings  are  readily 
grasped  through  inspection  of  the  following  diagram,  where  a  slanting  line 
connecting  two  battle  groupings  means  that  the  lower-placed  grouping  is  in¬ 
cluded  in  the  higher-placed  grouping.  (Note  that  battle  groupings  on  the 
same  horizontal  level  are  not  necessarily  mutually  exclusive.) 
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The  regression  lines  of  advantage  on  logarithmic  force  ratio,  calculated 
on  the  basis  of  these  battle  groupings,  are  compared  to  the  corresponding 
nhase-1  regression  lire  using  the  phase  diagram  technique.  Figure  37 
shows  the  comparison  of  phase-1  and  censored  data,  and  indicates  a  higher 
degree  of  agreement  than  that  shown  in  Figure  36.  Figure  38  shows  the 
comparison  ot  phase-1  data  with  phase-2  Harbottle,  and  Non-Harbottle  data35. 
Figure  38  shows  that,  although  the  phase-2  data  is  not  consistent  with 
phase-1  data  (using  the  approximate  criteria  enunciated  earlier  in  this  sec¬ 
tion),  the  phase-2  data  still  lead  to  a  slope,  c  ,  of  advantage  versus  logarith¬ 
mic  force  ratio  which  is  significantly  different  from  zero  (5%  level).  Such 
is  not  the  case  for  the  Harbottle  c  ta.  For  clarity,  confidence  regions  for 
the  Harbottle  and  Non-Harbottle  data  are  not  shown  in  Figure  38.  Confi¬ 
dence  regions  for  these  battle  groupings  would  be  elliptical  in  shape  and 
would  be  related  to  the  corresponding  confidence  intervals  in  a  manner  like 
that  exhibited  by  other  battle  groupings.  Specifically,  the  95-percent  con¬ 
fidence  region  for  I  ic  Non-Harbottle  data  arc  consistent  with  phase-1  data 
with  respect  to  the  approximate  comparison  criteria  given  above,  while 
Harbottle  data  would  not  be  consistent  \v it h  phase-2  data. 


33  The  Harbottle  and  Non-Harbottle  groupings  are,  of  course,  mutually 
exclusive  and  exhaustive  with  respet  t  to  phase-2  data. 
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Figure  38.  Ninety-five  percent  confidence  intervals  and/or  regions 
for  ln^  =  b  +  c  ln(x«  y^)  based  on  phase-1  data,  phase -2  data, 
non-flarbottle  aata,  and  on  Harbottle  data. 
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Consido  ation  of  Figures  26,  37,  and  30  in  the  light  of  relations  among 
the  battle  groupings  displayed  in  the  diagram  given  above  suggests  that  the 
greater  t  ie  proportion  of  Harbottle  data,  the  worse  the  degree  of  agreement 
with  phase-1  data  tends  to  be.  This  suggests  that  the  Harbottle  data  may  in¬ 
clude  a  higher  proportion  of  battles  with  erroneous  data  than  for  the  Non- 
Harbottle  data. 

Table  XXIV  tabulates,  for  each  battle  grouping,  the  residual  variability 
(variability  of  the  data  about  that  grouping's  regression  line)  together  with 
F-ratios  and  approximate  (one-tailed)  significance  levels.  Of  the  five  battle 
groupings  considered,  only  the  Non-Harbottle  grouping  is  consistent  with 
phase-1  data  w  ith  respect  to  residual  variability.  Thus,  the  data  of 
Table  XXIV  also  show  that  battle  groupings  with  higher  proportion  of  Har¬ 
bottle  data  tend  to  exhibit  poorer  agreement  with  a  small  proportion  of 
Harbottle  data. 

In  the  light  of  the  facts  outlined  above,  the  author  feels  impelled  to  con¬ 
clude  that  the  Harbottle  data,  derived  from  Reference  2,  are  afflicted  with 
large  and/or  more  numerous  errors  than  is  the  case  for  data  obtained  from 
other  sources  consulted36  .  Although  this  conclusion  is  based  largely  on 


36 This  finding,  while  perhaps  suggesting  that  less  use  ought  to  have 
been  made  of  the  Harbottle  data,  does  illustrate  a  possible  application  of 
the  phase-1  and  phase-2  findings  to  certain  aspects  of  historical  criticism. 
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iignificant  at  10%  level,  but  not  at  5%  level 


TABLE  XXV 


<-n  evidence  internal  to  the  phase-2  samples  of  battles — and  there  are  many 
objections  to  such  a  procedure  from  the  standpoint  of  strict  rigor— the 
author  finds  the  argument  highly  convincing  37  . 

In  sum,  the  author  believes  that  the  phase-2  data  does  not  contradict 
phase-1  findings  regarding  the  relation  between  advantage  and  logarithmic 
force  ratio.  At  the  same  time,  It  must  bo  admitted  that  phase-2  data  do  not 
support  the  phnse-1  findings  as  strongly  as  the  author  hoped  they  would. 
Nevertheless,  the  author  is  convinced  that  the  phase -1  findings  are  valid, 
and  that  data  from  Harbottle's  Dictionary  (Reference  2)  should  be  accepted 
only  when  independent  sources  confirm  its  accuracy. 

b.  Advantage  and  Bitterness 

It  has  been  argued  in  nn  earlier  section  that  the  correlation  of 
logarithmic  bitterness  on  advantage  summarized  in  Table  XV  can  be  con¬ 
sidered  as  the  result  of  a  purely  chance  effect.  Comparison  of  Table  XXVI 
with  Table  XV  of  Reference  1  shows  that  the  Non-Harbottle  data  are  con¬ 
sistent  with  phr.se-l  data  in  regard  to  the  regression  of  iogurithmic  bitter¬ 
ness  on  advantage. 


37  The  reader  is  also  referred  to  the  discussion  in  Appendix  B  to  Ref¬ 
erence  1  of  (i)  Harbottle's  Dictionary  and  (ii)  a  limited  compaiison  of  Har- 
bottle  data  with  that  from  other  sources. 

One  of  the  objections  the  reader  might  raise  against  the  argument 
that  Harbottle  data  are  inaccurate  is  that  the  Harbottle  data  tend  to  contain 
a  higher  proportion  of  battles  of  very  early  date  than  the  Non-Harbottle  data 
(i.e. ,  that  early  battle  data  and  use  of  Harbottle  as  a  data  source  are  con¬ 
founded  factors  in  the  statistical  sense).  Actually,  this  objection  is  not 
sound  as  an  inspection  of  Table  XXV  will  show.  Note  that  the  distribution  of 
both  Harbottle  and  Non-Ilarbottle  battles  is  essentially  similar  to  that  for 
modi' led  battles  with  the  exception  of  the  two  h ulf-ct  ntunos  l  1  -  i:t  .usd 
llM>ti-UM‘J.  Thus,  Harbottle  data  do  not. •  in  contain  a  much  higher  pro¬ 
portion  of  battles  of  very  early  date  than  the  Non-Harbottle  data. 

Anothe  •  objection  that  might  be  raised  b;  the  reader  is  to  assert  that 
the  Harbottle  data  are  "  right"  and  the  Non-Harbottle  and  phase-1  are 

"  .  This  ob.evl  i*>’l  .  aiuiol  l>t *  sat isl.iclm  i!\  re-oiwd  oil  nl 

ini-1  nal  evidence  alone. 
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TABLE  XXVI 


RESULTS  OF  REGRESSION  OF  LOGARITHMIC  BITTERNESS.  In  e  , 
ON  ADVANTAGE,  tap  ,  FOR  NON-HARBOTTLE  DATA 

Regression  line:  In  f  =  b  +  olnji 

Number  of  data  points:  27 

Estimated  value  of  regression  coefficients  ±95%  confidence  limits: 
b  =  -1.897  *  0.388 
c  =  -0.361 ±  0.694 

Standard  error  of  estimate:  3ln  €  |  in  ^  =0.897 

Correlation  coefficient:  r  «*  *0.209 

Sample  mean: 

of  In  €  =  -1.816 
of  In  ix  -  -0.226 
Sample  variance: 

of  In  «  =  0. 809 
of  In  n  -•  0.271 
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In  vtcw  of  the  doubt  cast  on  the  validity  of  Ha r bottle  data  by  the 
previous  section,  this  finding  tends  to  confirm  the  propriety  of  rejecting  the 
con  elaiion  of  logarithmic  bitterness  on  advantage  exhibited  by  modified  data 
as  an  artifact  of  the  data. 

c.  Advantage  and  Battle  Duration 

Comparison  of  Table  XVI  and  Table  XVI  of  Reference  1  shows 
that  modified  and  phase-1  data  are  In  agreement  with  regn  d  to  the  absence 
of  correlation  between  advantage  and  logarithmic  duration.  The  standard 
error  of  estimate,  for  modified  data  is  significantly  larger  than  for  phase-1 
data  (F-rntio  of  2.04  at  32/80  degrees  of  freedom,  which  Is  significant  at 
better  than  the  1%  level,  using  the  onc-taiied  test),  but  tide  could  bo  due  in 
port  to  Harbottlo  data  inaccuracy. 

d.  Residual  Advantage  and  Various  Other  Parametars 

(1)  Bitterness.  Figure  14  and  Figure  14  of  Reference  1  both 
indicate  that  there  is  no  correlation  between  residual  advantage  nnd  logarithmic 
bitterness. 

(2)  Total  Force.  Figure  IS  and  Figure  15  of  Reference  1 
both  indicate  that  there  is  no  correlation  between  residual  advantage  nnd 
logarithmic  total  force. 

(3)  Total  Casualties.  Figure  10  and  Figure  16  of  Reference  1 
both  indicate  that  there  is  no  correlation  between  residual  advantage  nna 
logarithmic  total  casualties. 

e.  Residual  Advantage  and  Battle  Date 

Figure  17  and  Figure  17  of  Reference  l  both  indicate  that  there 
is  no  consistent  trend  of  .  osidunl  advantage  with  baitle  date. 
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f.  Narrative  Accounts  of  Battles  with  Extreme  Residual  Advan¬ 
tage  Values 

Comparison  of  Appendix  C  with  Appendix  C  of  Reference  1  sug¬ 
gests  that,  for  both  modified  and  phase-1  data,  the  achievement  by  the 
attacker  of  surprise  may  result  in  extreme  negative  residual  advantage 
values,  and  that  failure  of  the  attacker  to  achieve  surprise  may  result  in  ex¬ 
treme  positive  residual  advantage  values. 

The  reader  is  cautioned  that  the  small  number  of  narrative  ac¬ 
counts  together  with  their  brevity  and  lack  of  specific  detail,  do  not  permit 
firm  conclusions  to  be  drawn.  Thus,  the  observations  of  the  preceeding 
paragraph  must  be  counted  for  the  most  part  as  interesting  speculations. 

g.  Residual  Advantage  and  Victory 

Comparison  of  Table  XVUa  and  Table  XVIIa  of  Reference  1 
shows  that  residual  advantage  follows  the  victor  77.8  percent  of  the  time 
for  the  modified  data  and  70.6  percent  of  the  time  for  all  phase-1  data.  Both 
modified  and  n!iase-l  data  indicate  that  victory  and  residual  advantage  are 
significantly  (at  much  better  than  the  0.11%  level)  associated. 

Comparison  of  Table  XVm  and  Table  XVIII  of  Reference  1  in¬ 
dicates  that  residual  advantage  follows  the  victor  with  greater  fidelity  for 
numerically  large  values  of  residual  advantage  than  for  numerically  small 
values  in  both  the  modified  and  the  phase-1  data. 

Comparison  of  Table  XlXa  and  Table  XlXa  of  Reference  1 
shows  that,  for  residual  advantage  values  numerically  greater  than  0.2, 
residual  advantage  follows  the  victor  84.3  percent  of  the  time  for  modified 
data  and  78.0  percent  of  the  time  for  phase-1  data.  Both  modified  and 
phase-1  data  indicate  that  victory  and  residual  advantage  are  significantly 
(at  much  better  than  the  0.5%  level)  associated. 
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In  sum,  the  modified  data  strikingly  confirm  the  phase-I  find¬ 
ings  with  regard  to  the  association  of  victory  in  battle  and  the  residual  ad¬ 
vantage  parameter. 

4.  The  Effects  of  Battle  Date 

a.  Force  Ratio  and  Battle  Date 

Comparison  of  Figure  18  and  Figure  18  of  Reference  1  indi¬ 
cates  that  there  is  no  consistent  trend  of  logarithmic  force  ratio  with  battle 
data  for  either  modified  or  phase-1  data. 

b.  Duration  and  Battle  Date 

Comparison  of  Fig?. re  19  and  Figure  19  of  Reference  1  suggests 
that,  for  both  modified  and  phase-1  data,  battle  duration  has  tended  to  in¬ 
crease  on  the  average,  since  about  1750. 

c.  Bitterness  and  Battle  Date 

Figure  20  of  Reference  1  was  judged  on  an  informal  basis  to 
exhibit  no  consistent  trend  of  bitterness  with  battle  date.  In  an  earlier 
section  of  this  paper,  it  has  been  suggested  that  Figure  20  hints  at  a  very 
gradual  and  long-term  decline  in  bitterness  with  battle  date.  Comparison 
of  Figure  20  and  Figure  20  of  Reference  i  indicates  that,  for  both  phase-1 
and  modified  data.  World  War  II  battles  may  have  been  more  bitter  than 
most  battles  which  occurred  since  1750. 

d.  Intensity  and  Battle  Date 

Comparison  of  Figure  21  and  Figure  21  of  Reference  l  suggests 
that,  for  both  modified  and  phase-1  data,  there  has  been  a  tendency  to  de¬ 
cline  with  increasing  battle  date  since  1750.  The  World  War  II  battles  ap¬ 
pear  to  fall  more  nearly  in  line  with  the  general  trend  for  the  modified  dam 
t’.i'i  !h.  v  did  iui  the  phase-1  data. 
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5.  Bitterness,  Intensity)  and  Duration 

A  careful  comparison  of  Figure  22  with  Figure  22  of  Reference  1, 
and  of  Table  XX  with  Table  XX  of  Reference  1  may  leave  some  doubt  as  to 
whether  the  modified  data  are  consistent  with  the  phase-1  data  in  regard  to 
the  relation  between  logarithmic  bitterness  and  logarithmic  duration.  We 
will  return  to  this  question  when  we  compare  modified  and  phase-1  data  with 
regard  to  the  relation  bet-'een  logarithmic  intensity  and  logarithmic  duration, 
where  it  will  be  shown  tv.  -  the  two  sets  of  data  are  consistent. 

a.  Residuai  Logarithmic  Bitterness 

Despite  the  finding  of  Reference  1  to  the  effect  that,  for  phase-1 
data,  residual  logarithmic  bitterness  was  (at  a  marginal  level  of  significance) 
not  normally  distributed,  we  will,  in  tills  section,  assume  that  it  may  be 
treated  as  being  approximately  normally  distributed.  Part  of  the  justification 
for  this  is  provided  by  Figure  23  of  Reference  1  which  shows  that  residual 
logarithmic  bitterness  is  in  fact  approximately  normally  distributed,  and 
part  is  provided  by  the  fact  that  the  statistical  procedures  we  will  use  are 
reasonably  insensitive  to  moderate  departures  from  strict  normality. 

We  wish  to  test  whether  the  modified  data  come  from  a  popu¬ 
lation  with  a  larger  variance  than  the  pliade-1  data.  The  F-ratio  of  the 
sample  variances  amounts  to  about  1.43  with  33/90  degrees  of  freedom. 

A  large  F-ratio  value  could  be  expected,  by  chance  alone,  about  10  percent 
of  the  time  (one-tailed  test),  so  the  data  are  consistent  with  the  hypothesis 
that  modified  and  phase-1  population  variances  are  equal. 

Comparison  of  Figure  24  and  Figure  24  of  Reference  1  indi¬ 
cates  that  residual  logarithmic  bitterness  does  not  exhibit  a  consistent 
trend  with  battle  date  for  either  modified  or  for  phase-1  data. 
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I).  Intensity  and  Duration 

Figure  25  shows  the  phase-1  and  modified  data  regression  lines 
of  logarithmic  intensity  on  logarithmic  duration.  Figure  39  shows  a  phase 
diagram  for  the  regression  line  confidence  intervals  and  regions.  Based  on 
the  criter  ia  described  in  a  previous  section  for  comparing  regression  lines, 
the  modified  data  is  consistent  with  phase-1  results  with  regard  to  the  re¬ 
lation  between  intensity  and  duration 38  . 


6.  Total  Casualties  and  Total  Force 

Comparison  of  Figure  26  with  Figure  26  of  Reference  1  indicates 
that  the  line  C=  15X  provides  a  reasonable  fit  to  both  modified  and  phase-1 
data. 


7.  Force  Ratio  and  Total  Force 

Comparison  of  Figure  27  and  Figure  27  of  Reference  1  indicates 
that  neither  modified  nor  phase-1  data  exhibit  any  consistent  trend  of  force 
ratio  with  total  force.  Average  logarithmic  force  ratio  tends  to  be  some¬ 
what  larger  for  the  modified  data  than  for  '.he  phasc-1  data,  but  this  is  pro¬ 
bably  due  i v  liie  unusu.  v  large  proportion  of  battles  with  very  large  force 
ratio  values  in  the  modified  data. 


38In  an  earlier  section  dealing  with  a  comparison  of  phase-1  and 
phase-2  data  findings  with  regard  to  the  relation  between  advantage  and  log- 
rithmic  force  ratio,  it  was  argued  that  battle  groupings  with  a  high  propor¬ 
tion  of  Harbottle  data  sometimes  tend  to  exhibit  poor  agreement  with  phase-1 
results.  Remembering  this  finding,  it  is  interesting  to  note  that  only  a 
relatively  small  proportion  of  the  modified  battles  for  which  duration  data 
are  available  i.so  Reference  2  as  a  source  of  data  (11  out  of  35,  or  less  than 
a  third  ol  these  battles  use  Harbottle 's  Dictionary  as  a  source).  This  fact 
may  help  to  explain  how  errors  in  the  Harbottle  data  could  significantly  af¬ 
fect  the  relations  between  advantage  a.nd  force  ratio  without  significantly 
influencing  the  relation  between  intensity  and  duration.  (For  comparison, 

■;  of  the  mod 'lied  (lata  battles  are  HarboUle  battles. ) 
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Figure  39.  Ninety-five  percent  coniidenco  limits  and  regions  for 
In  A.  •-  b  c  c  Int  based  on  92  phase- 1  battles  and  on  33  modifi  jd 
battles 
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3.  Duration,  Total  Force,  and  Force  Ratio 

Comparison  of  Figure  28  with  Figure  28  of  Reference  1  indicates 
that  neither  modified  nor  phase-1  data  exhibit  any  obvious  correlation  of 
duration  with  total  force. 

Comparison  of  Figure  29  with  Figure  29  of  Reference  1  indicates 
that  neither  modified  nor  phase-1  data  exhibit  any  obvious  correlation  of 
duration  with  force  ratio. 

9.  Participating  Nation  and  Victory 

Comparison  of  Figure  30  through  Figure  35  with  Figure  30  through 
Figure  34  of  Reference  1  indicates  that,  whether  the  modified  or  phase-1 
data  is  considered,  no  one  nation  has  consistently  liacl  a  favorable  residual 
advantage. 

Comparison  ot  Table  XXIII  with  Table  XXIII  of  Reference  1  indicates 
that,  whether  the  modified  or  phase-1  data  is  considered,  no  one  nation  seems 
to  have  consistently  been  tactically  superior  to  its  opponents. 

Recapitulation  of  Findings 

In  the  following  we  attempt  to  note  as  briefly  as  possible,  the  areas  of 
agreement  (to  within  inherent  data  variability)  or  disagreement  between  the 
findings  of  this  paper  and  those  of  Reference  1 .  In  cases  of  disagreement, 
the  author  will  briefly  state  his  current  convictions,  based  on  available  in¬ 
formation,  or  call  attention  to  unresolved  issues, 

J.  The  Lanchester  bitterness  parameter,  c  ,  is  a  reasonably  good 

ndex  ot  total  casualty  fraction.  The  modified  data  exhibit  some  cases  of 

F* 

wide  deviation  from  the  trend  curve  e  -  c  -1,  so  the  issue  has  not  been 
resolved  in  entirely  satisfactory  fashion. 
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2.  The  Lancliester  advantage  parameter,  In  fi  ,  is  closely  associated 
with  probability  of  victory.  Agreement. 

3.  The  other  Lanchester  parameters  are  valid  indices  of  the  real- 
world  phenomena  identified  by  the  names  of  the  respective  parameters.  Un¬ 
resolved.  Author  is  convinced  that  the  assertion  is  correct. 

4.  Logarithmic  force  ratio,  In  x^/y^  ,  is  approximately  normally 
distributed  with  mean  0.2  and  standard  deviation  0.5.  Disagreement. 

Author  is  convinced  that  the  assertion  is  correct  in  at  least  a  rule-of -thumb 
sense ”  . 

5.  Advantage,  In  n  ,  is  approximately  normally  distributed  with  mean 
0.  0  and  standard  deviation  0.4.  Disagreement.  Author  is  convinced  that 
the  assertion  is  correct  in  at  least  a  rule-of-thumb  sense40  . 

6.  Logarithmic  bitterness,  In  e  .  is  approximately  normally  distri¬ 
buted  with  mean  -2.1  and  standard  deviation  0.8.  Agreement41  . 

7.  There  is  a  tendency  for  the  victorious  side  to  have  a  larger  and 
less  variable  surviving  fraction  than  the  defeated  side.  Agreement. 

8.  For  the  range  of  values  represented  in  the  data,  victory  is,  at 
best,  only  weakly  related  to  force  ratio.  Agreement. 

9.  Logarithmic  activity  ratio,  In  D/A  ,  tends  to  increase  with  in¬ 
creasing  logarithmic  force  ratio,  In  xQ/y0  .  Agreement. 


’’Numerical  values  are  based  primarily  on  phase-1  data. 

40 See  footnote  37. 

41  Numerical  values  are  based  on  pooled  phase-1  and  modified  data. 
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10.  Advantage,  In  g  ,  tends  to  decrease  with  increasing  force  rati  >, 

In  xQ  'v  ,  approximately  according  to  the  equation  (see  Table  XXVII)''2  : 

In  (i  e  0.1  In  x0  /  yQ 

There  is  agreement  between  the  modified  and  phase-1  data  with  re¬ 
gard  to  the  population  regression  line,  but  not  with  regard  to  the  variability 
of  residual  advantage.  The  author  believes  that  the  disagreement  originates 
primarily  with  inaccuracies  in  the  Harbottle  data. 

11.  Advantage,  In  n,  and  logarithmic  bitterness,  In  e  .  are  uncor¬ 
related.  Disagreement.  The  author  believes  that  the  significant  correlations 
exhibited  by  the  modified  data  originates  primarily  in  Harbottle  data  errors. 

12.  Advantage,  In  fi  ,  and  logarithmic  duration,  in  t,  are  uncorrelated 
Agreement. 

13.  Residual  advantage  and  logarithmic  bitterness,  In  c  ,  appear  to  be 
uncorrelated.  Agreement. 

14.  Residual  advantage  and  logarithmic  total  force,  lr.  X,  appear  to 
be  uncorrelated.  Agreement. 

15.  Residual  advantage  and  logarithmic  total  casualties,  in  C  ,  appear 
to  be  uncorrelated.  Agreement. 

16:  Residual  advantage  and  battle  date  appear  to  be  uncorrelated. 
Modified  and  phase-1  data  agree,  except  for  some  phase-1  battles  which 
occurred  during  the  period  1757  and  1760.  The  author  believes  tnat  this  ex¬ 
ception  is  more  accidental  than  real. 

17.  Data  inaccuracies  do  not  account  for  all  of  the  observed  variabil'ty 
in  residual  advantage'13  .  Agreement. 

■^See  footnote  39. 

(1  in  ‘  on  the  h.-iv -ecu -source  d.ila  variability  estimates  <le- 
vclo|  i  n  in  Appendix  3  ot  iU  let  cnee  1. 
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TABLE  XXVII 


RESULTS  OF  REGRESSION  OF  ADVANTAGE,  In  ft ,  ON  LOGARITHMIC 
FORCE  RATIO,  In  xQ/  yQ  ,  FOR  POOLED  (MODIFIED  +  PHASE-1)  DATA 

Regression  line:  In ft  =b  +  c  In,  x0  /  y  q 

Number  of  data  points:  173 

Estimated  value  of  regression  coefficients  *95%  confidence  limits, 
b  =  0.061  ±  0.064 
c  =  -0.311  ±  0.088 

Standard  error  of  estimate:  Sln  ft  |  lnxQ/y0  35  0.384 

Correlation  coefficient:  r  “  "0.480 

Sample  mean: 

of  In  ft  =-0.025 
of  In  xQ  /  yQ  =  0.  276 

Sample  variance: 

of  In  ft  0. 190 
of  In  x0  /  yQ  =  0.  452 
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I-'.  Comparison  of  narralivt.  accounts  of  battles  with  unusually  large 
ami  unusually  small  advantage  values  suggests  that  successfully  achieving 
surprise  tends  to  be  highly  advantageous  to  the  attacker,  and  that  failure  of 
the  attacker  to  achieve  surprise  tends  to  be  highly  advantageous  to  the  de¬ 
fender.  Issue  is  still  unresolved.  More,  and  more  detailed,  comparisons  of 
narrative  accounts  than  could  be  attempted  in  this  study  are  necessary  to 
resolve  this  issue. 

19.  The  principal  determinants  of  victory  in  battle  are  contained  in  the 
residual  advantage  parameter.  Agreement. 

20.  Logarithmic  force  ratio,  In  ,  and  the  battle  date  appear  to  be 

uncorrelated.  Agreement. 

21.  Logarithmic  duration,  In  t ,  has  exhibited  a  tendency  to  increase 
since  about  1750.  Agreement, 

22.  Logarithmic  bitterness,  In  e  ,  seems  to  exhibit  a  very  gradual 
long-term  trend  toward  bitterness  values.  World  War  II  Pacific  Ocean 
island  campaigns  tend  to  be  more  bitter  than  the  average  battle.  There  is 
approximate  agreement  between  modified  and  phase-1  data.  Additional  data, 
particularly  for  battles  of  very  early  date,  are  required  for  adequate  reso¬ 
lution  of  this  issue. 

23.  Logarithmic  intensity,  In  \  ,  appears  to  liave  gradually  declined 
since  about  1750.  The  activity  parameters  A  and  D  generally  follow  the 
same  trend.  Agreement. 

24.  Logarithmic  bitterness,  In  e  ,  tends  to  increase  with  logarithmic 
duration,  In  t .  Agreement. 

25.  Data  inaccuracies  large  enough  to  account  for  all  of  the  ob¬ 
served  variability  in  residual  logarithmic  bitterness  w  .  Agreement. 


wSee  footnote  41. 
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26.  Residual  logarithmic  bitterness  is  approximately  normally  distri¬ 
buted  with  mean  0. 0  and  standard  deviation  0. 8.  Disagreement.  The  author 
is  convinced  the  assertion  Is  valid,  at  least  in  a  rule-of-thumb  sense. 

27.  Residual  logarithmic  bitterness  and  battle  date  appear  to  be  uncor¬ 
related.  Modified  and  phase-1  data  agree,  except  for  some  phnse-1  battles 
which  occurred  during  the  decade  1840-18-49.  The  author  believes  that  tills 
exception  is  due  to  data  inaccuracies. 

28.  Logarithmic  intensity,  In  \  ,  tends  to  decrease  with  Increasing 
logarithmic  duration,  In  t ,  approximately  according  to  the  equation  (see 
Table  XXVIII) 45  : 

In  X  =  0.4  -  0. 75  in  t 

There  is  agreement  between  the  modified  and  phase-1  data  both  with  regard 
to  the  population  regression  line  and  with  regard  to  the  variability  about 
the  regression  line, 

29.  Logarithmic  total  casualties,  in  C,  tend  to  increase  with  logarith¬ 
mic  total  force,  In  X,  approximately  in  accord  with  the  equation: 

C  «  0.15  X. 

Modified  and  phase -1  data  appear  to  agree  with  regard  to  the  population  re¬ 
gression  line,  but  no  formal  analysis  has  been  attempted.  The  author  is 
quite  confident  that  the  assertion  is  valid. 

30.  Logarithmic  force  ratio,  in  x^/y^  ,  appears  to  be  uncorrelated 
with  logarithmic  total  force,  In  X.  Agreement. 

31.  It  appears  that  no  nation  has  consistently  been  tactically  superior 
to  its  opponents.  Agreement. 


^See  footnote  39. 
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of  In  t  =  2.  108 


In  general,  the  analysis  of  modified  or  phase-2  data  strongly  supports 
phase- 1  results.  Important  major  areas  of  disagreement  are: 

1.  The  relation  between  bitterness,  c  ,  and  total  casualty  fraction,  F. 

2.  The  amount  of  variability  about  the  regression  line  of  advantage, 

In  n  ,  on  logarithmic  force  ra.io,  In  xq/.Vq  . 

3.  The  independence  of  advantage,  In  m  .  and  logarithmic  bitterness, 

In  ( 


DISCUSSION 

Future  Work 

It  is  of  course  admitted  that  this  paper  does  not  contain  all  the  Infor¬ 
mation  we  would  like  to  have.  Improvements  achievable  by  further  study 
are  discussed  below. 

1.  More  precise  specification  of  regression  coefficients  and  other  de¬ 
scriptive  quantities  as  well  as  clarification  of  some  of  the  remaining  doubt¬ 
ful  issvtes  can  readily  be  obtained  from  the  analysis  of  additional  data  samples. 

2.  A  fuller  understanding  of  the  empirical  findings  depends  upon  the 
construction  of  a  theoretical  framework  adequate  to  explain  the  principal 
experimental  facts. 

3.  Additional  descriptive  work  is  needed  on  the  factors  which  give 
rise  to  the  variability  of  residual  advantage.  At  present,  the  only  available 
approach  seems  to  be  in  the  analysis  of  a  large  number  of  narrative  accounts 
of  battles  with  the  object  of  separating  out  those  factors  which  are  common 
to  many  battles  with  extreme  residual  advantage  values.  Of  course,  the  re¬ 
sults  of  such  a  study  would  have  to  be  verified  by  teeting  them  against  addi¬ 
tional  data. 
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rntoituisaUly,  u  very  considerable  effort  will  lie  necessary  to  eolleet 
i  sulln.  ienlly  largo  sample  of  narrative  accounts,  especially  since  these 
must  he  quite  detailed  in  order  tn  ensure  that  the  narratives  include  al  of 
the  key  factors.  Thus,  the  author  estimates  that  an  effort  approaching  n 
level  of  two  man-years  would  be  required  to  properly  carry  out  a  prelimi¬ 
nary  study  of  factors  affecting  residual  advantage,  and  would  probably  de¬ 
mand  the  services  of  a  highly  competent  military  historian  working  In  con¬ 
junction  with  an  able  statistician.  This  kind  of  activity  could  probably  be 
more  efficiently  performed  if  an  adequate  theoretical  framework  la  available 
to  guide  the  work.  Otherwise,  while  the  basic  Idea  is  simple  enough,  the 
amount  of  work  required  becomes  onerous. 

4.  If  a  study  of  the  narrative  accounts  should  be  pursued,  duplication 
of  effort  can  be  minimized  by  establishing  a  parallel  study  of  the  factors  af¬ 
fecting  intensity  and/or  duration  of  battle  since  these  studies  can  make  use 
of  the  same  narrative  accounts. 

Applications 

In  Reference  I  it  was  suggested  tnat  the  historical  findings  could  be 
applied  to  assist  in  judging  the  validity  of  a  ground  combnt  war  game  and  in 
analyzing  game  results.  An  example  of  how  to  do  this  is  presented  in 
Reference  10. 


ft  •iU'.-SI’  -  l'.m 


APPENDIX  A 


NARRATIVE  ACCOUNTS  OF  TWO  EXCLUDED  BATTLES 

Battle  of  Porto  Novo,  1781,  First  Mysore  War 
Narrative  from  Reference  2 

"  Fought  July  1,  1781,  between  8, 500  British  troops,  under  Sir  Eyre 
Coote,  and  about  65,000  Mysores,  under  Hyder  Ali.  Hyder  occupied  a 
strongly  entrenched  camp,  blocking  the  British  advance  upon  Cuddalore. 

Here  he  was  attacked  by  Coote,  and  after  a  day's  hard  fighting  the  position 
was  stormed,  and  Hyder  forced  to  retreat.  The  British  lost  306  men,  while 
the  Mysores  are  computed  to  have  lost  10,060. " 

Battle  of  Sholingur,  1781,  First  Mysore  War 
Narrative  from  Reference  2 

"  Fought  September  27,  1781,  between  the  British,  10,000  strong,  under 
Sir  Eyre  Coote,  and  the  Mysores,  numbering  about  80,000,  under  Hyder  Ali. 
Hyder  was  surprised  in  the  act  of  striking  camp,  and  though  a  series  of  cav¬ 
alry  charges  enabled  him  to  withdraw  his  guns  in  safety,  it  was  at  a  cost  of 
5,000  men  that  he  eventually  made  good  his  repeat.  The  British  loss  did 
not  exceed  100.  " 
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APPENDIX  B 


DESCRIPTION  OF  THE  VARIOUS  BATTLE  GROUPINGS 


Battle  Grouping 
Phase-1  Battles 

Phase-2  Battles 
Excluded  Battles 

Modified  Battles 

Exceptional  Battles 


Censored  Battles 


Non-Harbottle  Battles 


Harhottle  Battles 


Comprises 

92  battles  as  listed  in  Table  I  of 
Reference  1 . 

83  battles  as  listed  in  Table  I. 

2  battles  listed  as  battles  number 
21  and  22  in  Table  I. 

81  battles  obtained  by-subtracting 
the  2  Excluded  Battles  from  the 
Phase-2  Battles. 

15  battles  listed  as  battles  number 
4,  5,  15,  16,  18,  21,  22,  43,  45, 
47,  74,  77,  80,  81,  and  82  in 
Table  I. 

68  battles  obtained  by  subtracting 
the  15  Exceptional  Battles  from 

the  Phase -2  Battles. 

\ 

27  battles  which  did  not  use  Refer¬ 
ence  2  as  a  source  and  which  are 
listed  in  Table  I  as  battles  number 
6,  7,  8,  11,  12,  14,  23,  34,  25, 
27,  45,  52,  57,  59,  60,  61,  62, 

63,  64,  66,  §8,  69,  79,  80,  31, 

82,  and  83. 

56  battles  which  use  Reference  2 
as  a  source,  obtained  by  sub¬ 
tracting  the  27  Non-Harbottle  Bat¬ 
tles  from  the  Phase-2  Battles. 
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APPENDIX  C 


SOME  NARRATIVE  ACCOUNTS  OF  BATTLES  WITH  EXTREME  VAL¬ 
UES  OF  RESIDUAL  ADVANTAGE 

Battle  of  Bronkhurst  Spruit,  18 SO,  First  Boer  War,  Residual 

Advantage  =  -1.244 

Narrative  from  Reference  2,  Article  on  "  Bronkhurst  Spruit" 

"  The  opening  engagement  of  the  war,  when,  on  December  20,  1880,  a 
British  column,  259  strong,  under  Colonel  Anstruther,  was  ambushed  by 
150  Boers  under  Joubert,  and  defeated  with  a  loss  of  155  killed  and  wounded. 
The  Boers  stated  their  losses  at  2  killed  and  5  wounded. " 

Battle  of  Atbara,  1898,  Soudan  Campaigns, 

Residual  Advantage  =  -0.953 

Narrative  from  Reference  2,  Article  on  "  Atbara" 

"  Fought  April  8,  1898,  between  the  British  and  Egyptian  army,  14,000 
strong,  under  Sir  Herbert  Kitchener,  and  18,000  Mahdists  under  Mahmud. 
The  Mahdists  occupied  an  entrenched  zareeba  on  the  Atbara,  where  they 
were  attacked  and  utterly  routed,  with  a  loss  in  the  zareeba  of  5,000  killed 
and  1 , 000  prisoners,  while  many  more  fell  in  the  pursuit .  Mahmud  was 
captured,  The  Anglo-Egyptian  losses  were  570  killed  and  wounded,  including 
29  British  officers.  " 

Narrative  from  Reference  4 

"  The  forces  of  the  khalifa  remaining  quiet,  the  sirdar  visited  Kassala 
and  negotiated  with  the  willing  Italians  for  its  restoration  to  Egypt.  An 
Egyptian  force  from  Suakin  took  it  over  formally  on  Christinas  day  1*07. 

On  ills  return  to  Berber,  the  sirdar  received  information  of  an  intended 
advance  of  the  khalifa  northward.  He  at  once  ordered  a  cor.centi'ation  of 
Egyptian  troops  toward  Berber,  and  telegraphed  to  Cairo  for  a  British 
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:  •  .‘  if.  Disagreement  among  the  khalifa's  generals  postponed  the  dervish 
ad'  a  nee  and  gave  Kitchener  much-needed  time.  But  at  the  end  of  February, 
?d.ih:iuul  crossed  the  Nile  to  Shendi  with  some  12,000  fighting  men,  and  with 
Osman  Digna  advanced  along  the  right  bank  of  the  Nile  to  Aliab,  where  he 
struck  across  the  desert  to  Nakheila,  on  the  Atbara.  His  force  consisted  of 
Gutaore' s  British  brigade  and  Hunter' s  Egyptian  division,  with  cavalry,  a 
camel  corps,  and  artillery.  The  dervish  army  reached  Nakheila  on  March 
20,  and  entrenched  themselves.  It  was  ascertained  from  prisoners  that 
Mahmud's  army  was  short  of  provisions  and  Kitchener  therefore  did  not 
hurry.  He  sent  his  flotilla  up  the  Nile  and  captured  Shendi,  the  dervish  de¬ 
pot,  on  March  27.  On  April  4  he  advanced  and,  taking  the  precaution  to  con¬ 
struct  a  strong  zariba  on  the  night  of  th  Th,  he  marched  to  the  attack  of 
Mahmud' s  zariba,  which,  after  an  hour’ s  bombardment  in  the  morning 
was  stormed  with  complete  success.  Mahmud  was  captured  with  several 
hundred  of  his  men,  and  3,000  were  killed.  The  sirdar  lost  80  killed.  " 

Battle  of  Kwajalein  (North),  1944,  Second  World  War, 

Residual  Advantage  =  0.845 

Narrative  from  Reference  6,  ’’olunie  VII,  pp.  230-281,  passim 

"  Two  points  on  Kwajalein  Atoll,  Roi-Namur  in  the  north  and  Kwajalein 
island  in  the  south,  were  the  main  objectives  of  the  Marshall  Islands 
operation . 

"  Roi-Namur  was  the  enemy's  principal  air  base,  Kwajalein  Island  his 
principal  naval,  and  Ebeye  his  seaplane  base.  The  two  groups  were  about 
44  miles  apart,  hence  Admiral  Turner's  plan  contemplated  two  separate 
but  simultaneous  amphibious  assaults . 

"  The  Northern  Attack  Force  included  plenty  of  veteran  combatant  ships, 
but  most  of  the  transports  were  new,  with  green  crews,  and  the  4th  Marine 
Division,  created  since  the  war  began,  had  never  been  blooded.  The  South¬ 
ern  Force,  on  the  contrary,  consisted  of  experienced  ships  and  veteran 
!  1'iops . 
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"  The  Japanese  high  command  had  ordered  Roi-Namur  to  be  defended  to 
the  last  man.  And  the  number  o£  defenders  there  was  high  for  so  tiny  an 
area;  somewhere  between  3,500  and  3,800  men,  under  naval  Captain  Seiho 
Arima . 

"  There  were  several  sharp  showers  during  D-day . 

"  H-Hour  for  the  landing  on  Ennuebing  and  Mellu  had  been  set  for  0900 
(31  January  1944),  but  conditions  and  contretemps  delayed  the  schedule. 

"  Although  the  Northern  Task  Force  devoted  the  greater  part  of  its 
energy  on  D-day  to  securing  the  five  flanking  islets,  Roi  and  Namur  were 
the  real  objective . 

"  Three  days'  bombing  and  bombardment  were  not  enough  to  pulverize 
the  Roi-Namur  rectangle,  roughly  2,300  yards  long  and  900  wide . 

"  It  is  difficult  to  see  how  the  defenders  could  have  slept  a  wink  for 
three  nights  before  the  landing.  And,  in  contrast  to  the  'tough  hombres1 
the  Marines  had  encountered  at  Tarawa,  the  defenders  of  Roi  and  Namur 
were  pretty  well  'pooped  out'  before  any  troops  landed . 

"  At  Roi-Namur,  if  the  results  (of  the  bombardment  and  bombing)  were 
not  perfect,  a  vast  amount  of  damage  was  done  and  a  large  proportion  of 
the  3,700  defenders  were  killed . About  6,000  tons  of  explosives,  in¬ 

cluding  aviation  rockets,  were  hurled  at  Roi  and  Namur  before  the  assault 
began,  as  compared  with  2,400  tons  at  Betio . 

"The  four  Marine  artillery  battalions,  as  we  have  seen  had  been  labor¬ 
ing  all  night  to  get  enough  pieces  and  projectiles  ashore  on  the  three  little 
islets  to  permit  them  to  take  part  in  the  pounding.  Their  guns  were  regis¬ 
tered  on  targets  at  dawn  (of  D-day  plus  1).  Preparatory  fires  concentrated 
on  the  beach  for  about  three  hours  before  the  landing,  then  shifted  inland 
and  continued  until  they  began  to  endanger  the  rapidly  advancing  assault 
troops.  These  guns  fired  over  5,000  rounds  of  75-mm  and  105-mm  ammu¬ 
nition  on  Namur  and  Roi . 
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"At  1157  the  first  wave  landed  Marines  of  the  23rd  RCT  on  the  Red 
beaches  at  Roi,  and  about  three  minutes  later  the  initial  echelon  of  the  24th 
hit  the  Green  beaches  on  Namur . 

"  Very  rapid  and  vigorous  was  the  action  on  Roi.  The  island  appeared 
to  be  completely  deserted  and  utterly  devastated,  and  the  first  defenders 
encountered  acted  punch-drunk.  But  about  300  resolute  Japanese  i>ad  sur¬ 
vived  the  terrific  bombardment  and  were  hidden  in  wrecked  blockhouses 
and  piles  of  rubble,  most1/  along  the  oceanside . 

"  By  1311  the  1st  and  2nd  Battalions  of  the  23rd  Regiment  were  in  lull 
force  on  the  0-1. line  on  Roi,  and  a  regimental  command  post  had  been  set 
up  on  the  beach.  Between  1530  and  1600  the  attack  was  resumed,  so  suc¬ 
cessfully  that  the  north  coast  was  reached  promptly,  and  Colonel  L.  R. 

Jones  sent  a  company  of  riflemen  and  some  medium  tanks  to  Namur,  where 
the  going  was  much  tougher.  The  23rd  RCT  then  concentrated  on  mopping 
up  around  Roi  airfield.  Japanese  who  had  taken  cover  in  drainage  ditches 
adjacent  to  runways  fired  upward  from  the  ditches  and  had  to  be  blown  out 
with  bangalore  torpedoes  or  satchel  charges. 

"  Thus,  enemy  opposition  at  Roi  was  light,  and  so  were  the  American 
casualties . 

"  (On  Namur)  An  anti-tank  ditch  extending  behind  the  bead:  prevented 
the  rmphtracs  from  proceeding  inland  as  at  Roi,  so  the  Marines  debarked 
at  the  water's  edge.  Only  light  resistance  developed  as  they  pushed  rapidly 
ahead  on  foot.  Within  a  quarter  of  an  hour  the  24th  Marines  had  pushed 
200  yards  inland,  except  for  the  extreme  right  where  'Sally  Point'  was 
fiercely  resisting.  Suddenly,  about  1245,  the  crackle  of  rifle  fire  and  the 
rat-tat-tat  of  machine  guns  were  drowned  by  a  tremendous  explosion.  Frag¬ 
ments  of  concrete,  steel,  wood,  shrapnel,  and  even  torpedo  warheads  rained 
over  the  surrounding  area,  killing  about  20  Marines  and  wounding  many  more 
.....  A  blockhouse  filled  with  torpedoes  and  heavy  ammunition  had 
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exploded . Two  less  violent  explosions  occurred  on  Namur  within  the 

next  half-hour,  and  these  three  accounted  for  over  half  the  casualties  suf¬ 
fered  by  the  2nd  Battalion . 

"  At  1820  Colonel  Hart  ordered  his  men  to  make  every  effort  to  secure 

the  north  shore  of  Namur  before  dark . By  1930  when  darkness 

closed  in,  the  2nd  and  3rd  Battalions  were  about  175  yards  north  of  the  0-1 
line.  Colonel  Hart  then  ordered  his  men  to  establish  perimeter  defense, 
hold  the  ground  gained,  and  prepare  to  resume  attack  in  the  morning  .... 

"  During  the  darkness  small  groups  of  Japanese,  some  without  weapons, 
infiltrated.  Shortly  after  0700  February  2,  they  executed  a  series  of  small 
banzai  charges  for  about  half  an  hour,  by  the  end  of  which  they  were  liqui¬ 
dated.  At  0900  the  3rd  Battalion  resumed  its  forward  movement  with  three 
companies  attacking,  supported  by  medium  tanks.  They  quickly  overran 
the  remainder  of  their  sector  and  by  noon,  2  February,  were  resting  on 
the  ocean  shore  of  Namur . 

"  General  Schmidt  announced  at  1418  February  2  that  Namur  was 
secured  . 

"  The  captured  Japanese  who  were  interrogated  seemed  to  be  imbued 
with  a  curious  superstition  about  the  Americano.  They  believed  we  had  a 

secret  weapon . But  the  American  secret  weapon  was  concentrated 

and  accurate  fire  power  delivered  from  land,  sea,  and  air; . It  is 

unlikely  that  any  portion  of  this  globe  had  ever  before  received  such  a  con¬ 
centration  of  bombs  and  shellfire . 

At  this  point  Morrison  inserts  the  following  footnote: 

"  Admiral  Conolly's  Report  on  Operations  in  the  Northern  Sector  states 
that  during  8  hours  of  daylight  31  January  his  fire  support  ships  fired  23.4 
rounds  per  minute,  and  during  5  hours  of  daylight  1  February,  40.9  rounds 
per  minute.  This  does  not  include  the  following  ammunition  expended  by 
his  twelve  I.CIs:  .50  caliber  56,285  rnds;  20-mm  23,700  mils:  -tfl-inm 
I3,u(.5  rnds;  4^ -inch  rockets  (smoke)  144  rnds;  and  4  1-inch  rockets  (TNI') 
2541  rnds." 
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Hattie  of  Monongahela,  1755,  Seven  Year's  War, 

Residual  Advantage  =  -0.312 

Narrative  from  Reference  2,  Article  on  "  Monongahela" 

"  Fought  July  9,  1755,  between  900  French  and  Indians,  under  Con- 
trecour,  and  about  1,400  British  and  Virginians,  under  Braddock,  The 
English  were  attacked  shortly  after  crossing  the  river,  and  though  the  of¬ 
ficers  and  the  Virginians  fought  gallantly,  the  troops,  ignorant  of  Indian  war¬ 
fare,  gave  way  to  panic,  and  after  three  hour's  fighting,  were  driven  across 
the  Monongahela,  with  a  loss  of  877  killed  and  wounded.  Of  86  officers,  63 
fell,  including  Braddock,  who  was  mortally  wounded.  The  French  lost  16 
only;  their  Indian  allies  somewhat  more  heavily.  " 

Narrative  from  Reference  9,  p.  7 

"  Braddock  marched  his  command  to  Fort  Cumberland,  where  his 
troops,  all  told,  numbered  some  2,200  .....  With  1,373  picked  men, 
he  moved  against  Fort  Duquesne.  On  crossing  the  Monongahela  river, 
about  ten  miles  from  the  fort,  without  a  single  scout  to  give  warning,  he 
fell  into  an  ambuscade  set  for  him  by  the  French  and  Indians;  and,  in  the 
dense  forest,  his  command  was  cut  to  pieces  and  routed. 

"  This  happened  on  the  9th  of  July  1755.  Out  of  eighty-six  British  of¬ 
ficers,  sixty-three  were  killed  or  disabled,  Braddock  oeing  mortally 
wounded;  and  only  459  of  the  rank  and  file  came  off  unhurt.  On  the  other 
side,  only  sixteen  white  men,  and  about  thirty-five  Indians,  were  killed  or 
wounded.  " 


Battle  of  Kennesaw  Mountain,  lf>64,  American  Civil  War, 

Residual  Advantage  =  0. 762 

Narrative  from  Reference  2,  Article  on  "  Kennesaw  Mountain" 

"  Fought  June  27,  1864,  between  90,000  Federnls,  under  General 
Sherman,  and  50,  000  Confederates,  under  General  Johnston.  Sherman  at¬ 
tacked  Johnston  in  a  strong  position  and  was  repulsed  with  a  loss  of  about 
3,  000,  the  Confederates  losing  500  only.  " 

Narrative  from  Reference  9,  p.  541 

"  The  line  now  included  to  crest  of  Kennesaw  Mountain,  from  end  to 
end. " 

"  On  the  night  of  the  21st  Johnston,  becoming  concerned  about  the  pres¬ 
sure  on  his  left,  shifted  Hood's  corps  from  the  right  to  the  left  of  this  line. 
In  this  quarter  two  of  Hood's  divisions  engaged  one  of  Hooker's  divisions 
and  one  of  Schofield's  brigade,  and  suffered  a  heavy  loss  on  the  22nd. 
Skirmishing  between  the  hostile  lines  went  on  for  three  or  four  days  with¬ 
out  any  decisive  result.  At  length,  on  the  27th  of  June,  Sherman  assaulted 
the  strong  position  on  Kennesaw  Mountain  with  the  Armies  of  the  Cumber¬ 
land  and  the  Tennessee,  while  Schofield  threatened  Johnston's  left.  The 
assault  fell  mainly  upon  the  corps  of  Hardee  and  Loring,  and  was  repulsed 
with  a  loss  of  about  3,000  men.  The  entire  Confederate  loss  did  not  ex¬ 
ceed  500,  " 


Battle  of  Wartemberg,  1813,  Campaign  of  Leipsig, 

Residual  Advantage  =  0.827 

Narrative  from  Reference  2,  Article  on  "Wartemberg" 

"  Fought  October  3,  1813,  when  Blucher,  with  60,000  Prussians  de¬ 
feated  16,000  French,  under  Bertrand,  posted  in  a  very  strong  position, 
protected  by  a  dyke  and  a  swamp.  Aided  by  the  ground,  the  French 
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v\  i  iistn.nl  the  Prussian  attack  for  over  four  hours,  but  finally  Blucher 
turned  their  right  flank  and  drove  them  from  their  posilion.  The  Prussians 
lost  about  5,  000,  The  French  admit  a  loss  of  500  only.  " 

Battle  of  Sempach,  1386,  War  of  Sempach 
Residual  Advantage  -  0.901 

Narrative  from  Reference  2,  Article  on  "  Sempach” 

"  Fought  July  9,  1386,  between  6,000  Austrians,  under  Duke  Leopold, 
and  1 , 500  Swiss  Confederates.  The  Swiss  gained  a  complete  victory,  the 
Austrians  losing  1, 500  killed  and  wounded,  while  only  120  Swiss  fell.  The 
battle  is  celebrated  for  the  heroic  action  of  Arnold  von  Winkelreid,  who 
broke  the  line  of  the  Austrian  spearmen  at  the  cost  of  his  life,  and  enabled 
his  followers  to  penetrate  their  phalanx.  ” 

Narrative  from  Reference  3,  p.  401 

”  The  important  victory  of  Sempach  (1386)  finally  freed  the  Swiss  from 
the  Austrian  House  of  Hapsburg.  Here  again  the  mountaineers  were  out¬ 
numbered,  although  not  so  heavily  as  at  Morgartern.  At  Sempach  they  had 
between  1300  and  1600  men  against  6,000  Austrians.  The  terrain  was 
sloping  meadowland  cut  up  by  hedges  and  streams.  I  would  remind  the 
reader  that  open  field  agriculture  had  been  from  the  beginning  an  important 
factor  in  the  supremacy  of  cavalry.  The  Austrians  therefore  dismounted 
their  men-at-arms  and  at  first  shock  they  drove  back  the  Swiss.  Their 
success,  however,  was  short-lived.  We  have  already  seen  how  impossible 
it  was  to  advance  for  any  distance  on  foot  while  wearing  the  heavy  plate 
armour  of  the  time,  without  extreme  fatigue.  In  this  case  the  difficulty  of 
the  :-*ound  and  still  more  the  sun  of  a  hot  July  day  made  the  task  of  the 
.  u ••»(•••  uhl nan  men-at-arms  still  harder.  Meantime,  the  Swiss,  un¬ 
burdened  by  armour,  charged  again  and  again.  At  last  the  Hapsburg  troops 
broke  and  their  commander  was  killed,” 
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Battle  of  Meoanoe,  184.1,  Sclnde  Campaign 
Rcsnl  i.il  Advantage  =  0.990 

Narrative  from  Reference  2  Article  on  "  Meeanee" 

"  Fought  February  17,  1843,  between  2,800  British  and  native  troops 
under  Sir  Charles  Napier,  and  about  20,  000  Beluchis,  under  the  Amirs  of 
Scinde.  The  infantry  were  at  one  time  almost  overpowered  by  the  over¬ 
whelming  numbers  of  the  enemy,  who  attacked  with  great  bravery,  but  they 
were  rescued  by  a  charge  of  the  9th  Bengal  cavalry,  who  broke  up  the  as¬ 
sailants,  and  in  the  end  the  Beluchis  were  routed  with  a  loss  of  5,000  men 
and  several  guns.  The  British  lost  2G6  killed  and  wounded.  " 
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